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Abstract

Population growth has declined markedly in almost all major economies since the
1970s. We argue this trend has important consequences for the process of firm dy-
namics and aggregate growth. We study a rich semi-endogenous growth model of firm
dynamics, and show analytically that a decline in population growth reduces creative
destruction, increases average firm size and concentration, raises market power and
misallocation, and lowers aggregate growth in the long-run. We also show lower pop-
ulation growth has positive effects on the level of productivity, making the short-run
welfare impacts ambiguous. In a quantitative application to the U.S, we find that the
slowdown in population growth since the 1980s and the projected continuation of this
trend accounts for a substantial share of the fall in the entry and exit rates and the
increase in firm size. By contrast, the impact on markups is modest. The effect on ag-
gregate growth is positive for around two decades, before turning negative thereafter.

Keywords: Growth, Firm Dynamics, Creative Destruction, Demographics, Dynamism, Markups

JEL Codes: 040, D22, J11, O47

*Peters: m.peters@yale.edu. Walsh: caw2226@columbia.edu. We are extremely grateful to Huiyu Li for her insightful
discussion at the AEA meetings and Sara Moreira and David Berger for their help in constructing the RevLBD data. We thank
Paco Buera, Francesco Caselli, Murat Celik, Chad Jones, Sam Kortum, Ilse Lindenlaub, Ben Pugsley, Maarten De Ridder, and
Pete Klenow for comments. We also thank seminar participants at the LSE, Stanford University, the University of Toronto,
PSU, Yale University, CEMFI, Queen’s University, the STLAR 2019 Conference, the SED 2019, VMAC, the “Taxation, Innova-
tion and the Environment” conference at the College de France and the 2021 AEA meetings for helpful suggestions. Ferdinand
Pieroth provided outstanding research assistance. Walsh gratefully acknowledges the support of the Washington Center for
Equitable Growth. Any opinions and conclusions expressed herein are those of the author and do not necessarily represent
the views of the US Census Bureau. All results have been reviewed to ensure no confidential information is disclosed.



1 Introduction

Almost all major economies have experienced a substantial decline in population
growth in recent decades. Figure 1 shows historical population growth for a group
of major world economies from 1960 to 2020. Despite different political systems,
cultures, and levels of development, a clear downward trend is evident for all of
them. Moreover, according to the UN, this trend is projected to continue for at least
the first half of the 21st century, driven largely by continuing declines in fertility. A
world of low and falling population growth looks like it is here to stay.

In this paper, we show this phenomenon has important implications for the process
of firm dynamics and aggregate economic performance. We do so in the context
of a firm-based model of semi-endogenous growth. Our baseline model is an en-
hanced version of Klette and Kortum (2004), augmented by the possibility of popu-
lation growth, new-variety creation, own-innovation, and a demand elasticity that
exceeds unity. The model is rich enough to rationalize many first-order features of
the process of firm dynamics, yet has an analytic solution that allows us to express
the process of firm dynamics, the firm-size distribution and the aggregate growth
rate directly as a function of population growth.

This theory makes tight predictions for the effects of falling population growth on
the process of firm dynamics: a slow-down in population growth reduces creative
destruction and entry and increases concentration and average firm size. The rea-
son is the following. In the long-run, the number of products available to consumers
has to grow at the same rate as the population. If that was not the case, firm profits
would either grow without bound or converge to zero, both of which are incon-
sistent with free entry. Falling population growth thus goes hand in hand with a
decline in product innovation, reducing both the creation of new varieties and the
rate of creative destruction. Importantly, we show that in equilibrium the decline in
product innovation is only accommodated through a decline in entry - incumbent
firms” optimal innovation policies are unaffected by changes in population growth.
This change in the composition of creative destruction raises firm growth condi-
tional on survival and reduces incumbent firms’ exit hazards. As a consequence,

concentration and firm size rises, and both entry and exit rates fall.

In addition to firm-dynamics, our theory also makes clear predictions about the rela-



Figure 1: Population Growth across Major Economies
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Notes: Solid lines plots historical population growth from the UN World Population Prospects 2019 for several major
economies. Dashed lines plot the UN projections for population growth in the “Medium” scenario out to to 2060.

tionship between population growth and per-capita income growth. As in many ag-
gregate models of semi-endogenous growth, the long-run equilibrium growth rate
declines as the rate of population growth falls. However, we show that an impor-
tant countervailing effect makes the relationship between population growth and
welfare a priori ambiguous. By reducing creative destruction, falling population
growth increases the value of firms, because future profits are discounted at a lower
rate. Free entry therefore requires an increase in the economy-wide level of varieties
to increase competition. Because additional varieties raise income per-capita, the
welfare consequences of declining population growth hinge on the importance of
these static variety gains relative to the dynamic losses from lower growth.

These results are robust to a variety of changes in the environment. Most impor-
tantly, we extend our model to a setting where firms compete a la Bertrand and
market power is endogenous. Declining population growth interacts with firms’
ability to charge markups in an interesting way. In our theory, more productive
tirms post higher markups, and productivity increases over the firms’ life cycle.
Because creative destruction reduces firms’ chances of survival, it hinders incum-
bents from accumulating market power. Declining population growth, by lowering
creative destruction, therefore reduces competition and increases markups and mis-
allocation.

To quantify the strength of this mechanism, we calibrate our model to data for the



population of US firms. In addition to targeting standard moments such as the entry
rate, average size, and life-cycle growth, we also link firm-level information on sales
to the US Census. We can therefore explicitly target a measure of the life-cycle of
tirm-level markups for a majority of firms in the US. Exploiting information on the
evolution of both markups and size at the firm-level is an important aspect of our
empirical methodology, and allows us to separately identify own-innovation and

variety creation at the firm-level.

With the calibrated model in hand, we ask a simple question: what are the implica-
tions of the decline in the rate of labor-force growth since 1980? Labor force growth
tell from 2% to 1% between 1980 and 2015, and the BLS projects it will continue to
decline to 0.24% after 2050. Our theory is tractable enough that we can solve for the
transitional dynamics induced by this path, treating the projections of the BLS as
the rational expectations of the agents in our theory. We find this decline has quan-
titatively large effects. Our model can explain almost the entirety of the decline in
the entry and exit rate, the increase in average firm size, and the degree of concen-
tration. However, markups change little; our calibrated model implies markups in-
crease by around 1%. The effect on income growth is more subtle. Whereas growth
will inevitably decline in the long-run, the static effect of variety creation can in-
crease income growth during the transition. We find that it does, for about two
decades. However, overall the welfare consequences of falling population growth
are negative.

Throughout the paper, we often speak of population growth and labor-force growth
interchangeably. We take these to be exogenous to market concentration and firm
dynamics. Across the developed world, decreases in fertility in the 1960s and 1970s
manifested in slower rates of growth in the labor force in the 1980s and 1990s - see
De Silva and Tenreyro (2017). In the US in particular, slowing labor-force growth
also reflects an end to increasing female participation and declining prime-age male
participation. Whereas a declining labor share and rising market power may them-
selves have implications for worker participation, here the simplicity of taking these
movements as given yields substantial insight into the changing patterns of firm dy-

namics we see in the data.

Related Literature. We are not the first to connect the decline in the growth rate of



the labor force to changes in firm dynamics. Karahan et al. (2019) and Hathaway
and Litan (2014) are early contributions that use geographic variation to provide
direct support that a lower rate of population growth reduces the start-up rate. Re-
cently, Hopenhayn et al. (2018) document the relationship between changes in de-
mographics and firm dynamics in a quantitative model. Both Karahan et al. (2019)
and Hopenhayn et al. (2018) perform their analysis in a model in the spirit of Hopen-
hayn (1992), where firm productivity is exogenous and markets are competitive. By
contrast, our theory builds on models with endogenous firm dynamics, and high-
lights that a declining rate of population growth also affects market power and ag-
gregate productivity growth. Engbom (2017) studies the implications of population
aging in the context of a search model.

Our theory builds on Schumpeterian models in the tradition of Aghion and Howitt
(1992) and Klette and Kortum (2004). We augment these models by allowing for ef-
ticiency improvements of existing firms as in Atkeson and Burstein (2010), Luttmer
(2007), Akcigit and Kerr (2018), or Cao et al. (2017), the creation of new varieties
as in Young (1998), and endogenous markups as in Peters (2020) or Acemoglu and
Akcigit (2012). Our model is thus akin to a version of Garcia-Macia et al. (2019) or
Klenow and Li (2021), augmented by endogenous markups and endogenous inno-
vation choices, and incorporating changes in the long-run growth in the labor force.
To the best of our knowledge, our paper is the first that focuses squarely on how
demographic changes are likely to affect the equilibrium firm-size distribution in

the context of firm-based models of growth.

The relationship between economic growth and population growth has been been
subject to an extensive literature. Many models of endogenous growth share the
feature that economic growth depends on the population level (e.g., Aghion and
Howitt (1992), Romer (1990) or Grossman and Helpman (1991)). By contrast, models
of semi-endogenous growth imply income growth is determined by the rate of pop-
ulation growth (e.g., Jones (1995), Kortum (1997), Young (1998) or Jones (2021)). In
our model, growth is tied to the micro process of firm dynamics. This link puts tight
restrictions on the relationship between economic growth and population growth.
If growth depends on the level of the population, so does the firm size distribution.
By contrast, if economic growth depends on population growth, the firm size distri-

bution is also independent of the size of workforce and only a function of its growth

4



rate. In order for the firm size distribution to be stationary in the presence of a grow-
ing population, growth thus (generically) needs to be semi-endogenous.! Moreover,
the relationship between economic growth and population growth is governed by

parameters that we can tightly discipline from firm-level data.

In our quantitative application, we focus on the case of the US. A growing litera-
ture highlights the decline of dynamism in the US. This literature shows that the
entry rate has fallen substantially (Alon et al., 2018; Decker et al., 2014; Karahan
et al., 2019), that broad measures of reallocation have declined (Haltiwanger et al.,
2015), that industries are becoming more concentrated (Kehrig and Vincent, 2017;
Autor et al., 2020), and that markups and profits are rising (Edmond et al., 2018;
De Loecker et al., 2020; Van Vlokhoven, 2021). See also Akcigit and Ates (2019a)
for a summary. In terms of explanations, the literature has proposed improvements
in IT technology (Aghion et al. (2019); Lashkari et al. (2019)), a rise in the use of
intangible capital (De Ridder (2019)), or changes in the process of knowledge dif-
tusion (Akcigit and Ates (2019b)). Our paper is complementary to these studies by
highlighting that all these phenomena occurred within an environment of declin-
ing population growth and are key implications of the theory we propose. Falling
population growth might therefore be an important secular determinant of firm-
dynamics and aggregate growth in the decades to come.

2 The Baseline Model

Time is continuous and there is a mass L; of identical individuals, each supplying
one unit of labor inelastically. The rate of population growth Li/Li = 1, which we
take as exogenous, is the crucial parameter of this paper. Households have prefer-
ences over a final consumption good c¢; given by U = fooo e~ =Mt n (¢;) dt, where
o> 1.

Production and Market Structure. The final consumption good is composed of
a continuum of differentiated varieties, that (as in Klette and Kortum (2004)) may
be produced by multiple firms. The production of the final good takes place in a

In our model, population growth is not the only determinant of the equilibrium growth rate. In
particular, our economy features growth even in the presence of a stable population. However, the
growth rate is independent of the level of the population.
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competitive sector that combines the differentiated varieties according to

v S\
Yy = / Y Yri di :
0 fESit

Here, N; is the mass of available varieties indexed by i. This mass evolves endoge-

nously through the creation of new and the destruction of old products.

Sit is the set of firms with the knowledge to produce product i, which likewise
evolves endogenously. Firms can be active in multiple product markets. Each firm f
is characterized by a set of products it produces, denoted by @, and an efficiency of
producing these products, indexed by {4y; }ico - We denote the number of products
firm f produces by ny. Production of each good uses only labor, and is given by
Yfi = qrilfi, where If; is the amount of labor hired by firm f to produce product i,

and q; denotes the efficiency of firm f in producing product i.

Because the output of firms producing the same product is perfectly substitutable,
each product is only produced by the most efficient firm. Suppose to begin with
that the producing firm charges a constant monopoly markup over marginal cost
u = =252 With constant markups, aggregate output Y; and equilibrium wages wy
are given by

1
Y = QNS 'LY and  wp = pu Y /L, (1)

1/(c—1)
where Q; = ( 1l q;’_ldFt (q)) " is a measure of average efficiency, F; is the en-
dogenous distribution of product efficiency, and L} is the total amount of labor de-

voted to the production of goods. Equilibrium profits per product are given by

o—1 Lf

== () e @

Hence, profits are high if the product’s efficiency g is large relative to average effi-

ciency Q; and if average employment per product, LI’ /N, is large.

2.1 Product Innovation, Entry and Aggregate Growth

2This can be the case if firms have to pay an infinitesimal sunk cost before producing, as less
productive firms will not enter (see Garcia-Macia et al. (2019)).
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Suppose first that entry is the sole source of innovation and aggregate growth. En-
trants engage in product innovation and have access to a linear entry technology,
where each worker generates a flow of ¢r new products. Conditional on success-
fully creating a new product, this product can either be a new variety, or it can
improve upon an existing product from another firm. After entry, the firm’s pro-
ductivity g remains constant. We also assume that product lines die at an exogenous
rate of 4. Doing so helps ensure stationarity at low or negatives levels of population

growth, but is otherwise inconsequential.3

In the baseline we assume innovation is “undirected”.* With probability «, the new
product represents a technological advance over a (randomly selected) incumbent
tirm’s product, increases the product’s efficiency by a factor A > 1, and forces the
current producer to exit (“creative destruction”). With the complementary proba-
bility 1 — a, the product will be new to society as a whole, and the mass of avail-
able products N; grows (“variety creation”). The efficiency of new varieties is given
by ¢ = wQ;, where w is drawn from a fixed distribution I'(w). Hence, as in
Buera and Oberfield (2020), the efficiency of new varieties is determined both by
the existing knowledge embedded in Q; and by novel ideas. It is useful to define
w = ([w'ldr (w))l/(gfl), which we also refer to as the mean efficiency of new
products.

Let Z; denote the aggregate flow of entry and z; = Z;/ N; be the entry intensity per
product. The rates of variety creation v; and creative destruction 7; are then given
by

vp=(1—-a)zy and T = az;. 3)

Creative destruction T and variety creation v are closely linked. Our formulation of
undirected innovation makes this link particularly stark. However, as we show in
Section 2.7, the optimal level of creative destruction and variety creation positively
co-move even in a more general setting where « is a choice variable and the direction

of innovation is endogenous.

3See Jones (2020) for a recent analysis of the implications of negative population growth.
4In Section 2.7 we discuss endogenizing this choice.
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Given v; and T, the rate of variety and efficiency growth are given by

\ -1 —o—1

gf\]:%—vt 0 and g; —gi—%n+%vt. 4)
Because A > 1, creative destruction is a source of aggregate efficiency growth.
Whether the creation of new varieties raises or lowers efficiency growth depends
on their initial efficiency w. If new products are, on average, as productive as exist-
ing products (that is, @w = 1), the growth rate of average efficiency Q; is independent
of the rate of product creation v;. If new products are, on average, worse (w < 1),
faster product creation has a negative effect on efficiency growth. Using (3) to sub-
stitute for v; and 1;, we can write th as a function of the entry rate z;:

q(T—l —1 Ll
th T where 7= (zx)\”il + (1 - oc)w‘771> . (5)

—1
Hence, 7 parametrizes the average efficiency gains of a product innovation and is
simply a CES-weighted average of the efficiency improvement of creative destruc-
tion A and the relative efficiency of new varieties w. Average efficiency thus in-

creases in z; as long as 7 > 1, i.e. as long as « and w are sufficiently large (recall that
A>1).

1
Finally, the overall growth of labor productivity Y; /L' = Q:N/~, which we denote
by g/, depends on both efficiency growth g? and variety growth gV;

-1 —o—1 —o—1
y _ o, 1 N _ AT -1 w I . )
8 = & +0’—1gt -1 Tt+a—1vt T o1 AT oot

Note variety growth v; is always a source of aggregate growth, even if w < 1. This
also implies that aggregate productivity growth is increasing in the rate of entry
because ﬁo_l > w (recall that A > 1 and w > 0).

To solve for the equilibrium rate of entry, we have to characterize the value of prod-
uct creation. Let V; (q) denote the value of producing a product with quality g at
time t. This value function solves the HJB equation:

nVi(q) —Vi(q) =m(q) — (u+0)V(q). (6)



The value of the firm V; (g) is increasing in the current flow profits 71; () and de-
creasing in the risk of exit, which happens at the endogenous rate of creative de-
struction 7; and the exogenous rate of product loss 4.

Given V; (q), we can compute the value of entry. With probability «, the new product
improves a randomly selected product with efficiency 4, yielding the value V; (A4§).
With the complimentary probability, a new variety with quality @Q; and the asso-
ciated value V; (@Q;) is created. Integrating over the existing quality distribution
Fi (9) and the exogenous distribution of the quality of new varieties I' (w) implies
that the free entry condition is given by

or =V = [V O @R @)+ (- 0) [Vi(@Q)dr (@) =2V + (1) VY. )
Equation (7) allows us to solve for V;(gq) explicitly, both on and off a balanced
growth path. Because profits are homogeneous in g°~!, so is the value function
V; (). This implies that VP = V; (AQy), VNV = V; (@Q;) and that V""" = (3Q,),
where 7 is given in (5). Hence, the value of entry is simply the value of a product
with quality §Q;. And because (7) requires this value to be tied to the equilibrium
wage, the solution to the differential equation in (6) is given by (see Section A-1.1.3

in the Appendix):

_ 7t (q)
Vt(q>_7’t+'l’t+5+((7—1)gQ—gw. ®)

The value of a firm is the present discounted value of profits, where the appropriate

discount rate reflects four distinct considerations: the interest rate (r;), the risk of
firm death (7; + ¢), the fact that a higher growth rate of average quality Q; reduces
the firms’ relative competitiveness ((¢ — 1) gg), and the rate of wage growth (gw).

2.2 Equilibrium

To characterize the equilibrium, define the two aggregate statistics .4 = N;/L; and
¢F = LP/L;. We refer to .4 as the economy’s variety intensity and to /¥ as the pro-
duction share. These two aggregate statistics are sufficient to characterize the entire
equilibrium path. To determine the path of {.#, ¢} } ;» note first that labor market
clearing requires that L; = Lf + Nt#Zt. Using that z; = ﬁvt, this can be written

as
1-08 1

N gpl—ua

©)
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Holding the variety intensity .4 constant, a higher production share ¢! reduces
the creation of new varieties v;, as fewer resources are allocated toward research.

Equation (9) is the first key equation to characterize the equilibrium.

The second key equation is the free-entry condition. The free entry condition in (7)

and the solution for V; in (8) imply that

1 _ V@) _ (r=1)g"" o 10)
3 wi n+nu+o+(c—1)80 — Sw M

Together with the consumer Euler equation g, = r; — p, the expressions for 7; and
8o givenin (3) and (5) and the fact that ¢ = ¢¥ — gép (see (1)), these equations fully

characterize the equilibrium path of our economy.

Consider first a BGP where the interest rate and the economy-wide growth rate
are constant. This implies both variety creation v and creative destruction T are
constant. Equations (9) and (10) then require that .4; and Ef are constant. This has
the important implication that the number of varieties N; has to grow at the rate of
population growth:

n=gvn=v—-0=(1-a)z—04. (11)

The aggregate quantities of product innovation and entry are thus directly tied to
the growth rate of the labor force 7. Economically, this link between population and
product growth is a consequence of the free entry condition. If the number of prod-
ucts was growing faster than the population, profits per product would be declin-
ing. Eventually, entry would stop as the equilibrium wage would exceed the value
of product creation. Conversely, if population growth was higher than the rate of
new product creation, flow profits would perpetually rise. The free entry condition
would require a steady increase in the rate at which future profits are discounted.

This, however, would eventually violate the economy’s resource constraint.

With equation (11) at hand, we can analytically characterize the allocations along

the BGP as a function of population growth:

Proposition 1. On a BGP, the following holds:
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1. The rates of variety creation v, creative destruction T, and entry z are given by

N+

v=n+d4 T = L(i]—{—é) 2=,

11—«

(12)

2. Aggregate productivity growth g¥ is given by

—o—1 —o0—1
y _ [T —a) 7 g -1\ ¢
8 ( o—1 )1—oc+< o—1 J1-a (13)

where g1 = aA’ 1+ (1 —a)@" ! > a (see (5)).

3. The production share ¥ and the variety intensity . are given by

— sy (1
_ o (n—1)q""! p_ P+H5+(H 1)77
JV - 771 01 ﬂnd g - —o—1 —r—1 . (14)
o+ o+ (1) o+ uio+ (h—1)7
Proof. See Section A-1.1.2 in the Appendix. O

Proposition 1 contains three key theoretical results of this paper. First, a decline
in population growth reduces variety creation, creative destruction and entry. In
particular, because each firm only produces a single product, the entry rate &, that
is the share of firms that enter at each point in time, is trivially given by £ = z and
hence declines as population growth falls.

Second, the rate of population growth directly affects the rate of growth in two
ways. First, population growth determines variety creation, which is itself a form of
growth. Second, population growth also affects creative destruction and hence the
rate of efficiency growth ¢9. Although the effect of population growth on variety
growth is always positive, its effect on efficiency growth depends on the average
efficiency of newly created products w and the increment of creative destruction
A. The overall effect on income growth, however, is unambiguous: falling pop-
ulation growth reduces long-run income growth, as is typical in models of semi-
endogenous growth. By contrast, changes in the cost of entry ¢ do not affect the
growth rate, but only the level of varieties (see (14)).

Crucially, the relationship between population growth and income growth is deter-

11



mined by % and hence governed by parameters that can be disciplined from
tirm-level data. Consider, for example, the semi-endogenous growth model of Jones
(2021) or Bloom et al. (2020) where Y; = A;SL;, Ai/ A = A;ﬁ ((1—75) L) and 5 de-
notes the share of the population working in the production sector. The parameter
B governs the extent to which ideas are getting harder to find. Along a BGP, income

per capita grows at rate g¥ = %17. Hence, as far as the relationship between income
—r—1__
and population growth is concerned, our model implies that % = wqfl)ﬁ

Third, the level of varieties relative to the population, .4, and the share of workers
allocated to research, ¢7, are also functions of population growth 7. As seen in

equation (14), a decline in population growth increases the variety intensity .4 if
—=r—1
Hq

1-a

and only if

> 1, thatisif A, «, y and @ are sufficiently large.

To understand the role of this restriction, note that 7 + (¢ — 1) go appears in the
equilibrium discount rate of corporate profits (see (10)). Lower population growth
reduces creative destruction. This channel increases the value of entry because
firms live longer. At the same time, lower population growth also reduces vari-
ety creation v, which could increase average quality growth ¢ if the average qual-
ity of new products 37! is sufficiently low. This channel would lower the value
of e?try because firms face more competition during their life-time. As long as
T
effect always dominates the efficiency-growth effect, and falling population growth

> 1 (which is the case for our estimated parameters), the creative-destruction

increases the value of entry through a higher rate of discounting. Free entry there-
fore requires the level of flow profits to go down, which is achieved through an in-
crease in the number of varieties per capita. This increase in the variety intensity is a
static countervailing force to the negative growth implications of falling population
growth.

Equations (9) and (10) not only describe the BGP, but the entire equilibrium path.
We can characterize this path with a phase diagram akin to the neoclassical growth
model, depicted in the left panel of Figure 2. The orange schedule depicts the locus
of a stable variety intensity (g = 0). This locus follows from the resource con-
straint: if £} is too high (low), there is too little (much) production innovation and
the variety intensity falls (rises). The blue schedule shows the locus of a constant

production share (g,, = 0) and summarizes the free entry condition. If the vari-
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Figure 2: Equilibrium path of {Kf , N }

(a) Phase Diagram (b) Dynamics after a fall in population growth

1

Vi v

Note: The left panel shows the phase diagram for the equilibrium path of (¢, .#"). The right panel shows the response to a
fall in population growth.

ety intensity is too high (low), there is little creative destruction and the production
share, and with it flow profits, has to fall (rise) to satisfy free entry. Hence, there is a
unique stable arm (shown in red), that takes the economy to the BGP characterized
in Proposition 1.

This analysis is not only useful to establish the stability and uniqueness of the equi-
librium path, but also to analyze the dynamic impact of a fall in population growth.
This experiment is shown in the right panel of Figure 2. A fall in population growth
rotates the orange locus to the right: for a given variety intensity there are too many
workers employed in the research sector, given that the entry rate has to fall even-
tually. Hence, on impact, the production share ¢} jumps up. During the transition
there is continual reallocation out of the research sector and a rise in the variety in-
tensity. This initial rise in the production of goods and the number of products per
worker constitutes a source of welfare gains, especially in the short-run.

2.3 Adding Incumbent Innovation

So far, we assumed that entry is the sole source of innovative investment. We now
extend our model to allow firms to engage in purposeful innovation spending dur-
ing their life-cycle. Doing so is crucial to understand the link between population
growth and firm-dynamics. To see why, let S (a) denote the share of firms that sur-
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vive until age a. In the absence of incumbent innovation, firms exit at rate T 4 9, so
that S (a) = e~ (79, Lower population growth reduces creative destruction, and
therefore increases firms’ chances of survival.> However, if firms do not experience
any productivity growth after birth, average employment conditional on survival
declines, because average quality Q; (and the productivity of younger firms) rises
on average. This is, of course, empirically counterfactual, and suggests that lower
population growth would increase the aggregate importance of old and small firms.
By allowing for incumbent innovation, we can capture the fact that firms, on av-
erage, grow as they age. This implies that lower population growth increases the
aggregate importance of old and large firms. At the same time, we also show that
the aggregate implications of population growth contained in Proposition 1 survive
almost unchanged.

We allow firms to grow both vertically, by increasing the efficiency of products they
already produce, and horizontally by adding new products to their product portfo-
lio. We model the vertical dimension as in Atkeson and Burstein (2010) or Luttmer
(2007): incumbent firms increase the efficiency of their existing products determin-
istically at rate I, thatis g§;; = I g:-% The horizontal dimension is modeled as in Klette
and Kortum (2004): firms choose the Poisson rate X with which they expand into
new product lines. Such expansion activities are costly, and we denote these costs
(in units of labor) as

1 1
X (X, n) = —Xnl"¢ = —xn, (15)
Px Px

where { > 1, n denotes the number of products the firm is currently producing and
x = X/n is the firms’ innovation intensity. Conditional on successfully creating a
product innovation, we treat incumbents entirely symmetrically to entrants, so that
a fraction a of new ideas improve upon an existing product and a fraction 1 — «

yields a new variety, whose average efficiency is wQ;.

Hence, as in Garcia-Macia et al. (2019), our theory allows for own-innovation by
existing firms, creative destruction (by both incumbents and entrants) and the cre-

5 . . . . ZNf* g*(T*’d)” _ o+
In fact, the share of firms of age a relative to new entrants is given by =—==75—— = ¢~ T«, and

thus higher, the lower population growth.
®For simplicity, we start by assuming I is exogenous and constant over time. In Section 2.7, we
show how to endogenize this rate and how it depends on population growth.
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ation of varieties (again both by incumbents and entrants). Letting x; = N% f X di
denote the average expansion intensity by incumbent firms, the aggregate amounts

of variety creation v and creative destruction T are given by
vi=(1—a)(ze+x) and T =a(zt+x¢), (16)

and reflect the activities of both entrants and incumbents. Moreover, aggregate ef-

ﬁ‘77171
oc—1

that the vertical dimension of life-cycle growth emerges as an additional source of

ficiency growth is given by g;° = (z¢ + x¢) + I, which is similar to (5), except
aggregate efficiency gains.

Allowing for active innovative behavior by incumbent firms naturally changes the
value function. Because firms can now produce multiple products, let {gy;}ico , be
the state variables at the firm-level and V; ({q fitie® f) be the corresponding value
function. As we show in Section A-1.1 in the Appendix, this value function is addi-
tively separable across products, i.e. V; ({q fitie® f) = ZZ 1 V4 (g:), and the product-
level value function V; (g) solves the HJB equation

a0V = V) = 7 () + 25 Dty man fx (w1 — ) - 22 )

where, as before, VP = [ Vi (Ag) dF; (§) and VNV = [V, (@Qy) dT (@).

Compared to the value function in the entry-only model (6), two additional con-
siderations appear. First, product efficiency is now rising over the life-cycle. Sec-
ond, the possibility of horizontal expansion carries an option value. The ex-ante
value of a successful product innovation is given by the weighed average a VP +
(1 —a) VNV, and (17) also takes into account the expansion costs %xé wt. However,

the solution to (17) is again very similar to the case without incumbent innovation.

Proposition 2. Consider the value function Vi (q;) in (17). On a BGP, V; (q) is given by

7 (q) 1 -1,
Vi = + xX° W, 18
@) pHT+o+(0—-1)(g%—1) p+T+5 ¢« i (18)
Produc?ign value Innova;gn value
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where the optimal rate of product innovation x satisfies

CD _ NV 1 =
- (%V H1-0)V, ) - (o) (19
t C e
Proof. See Section A-1.1 in the Appendix. O

Proposition 2 contains two important results. First, a comparison of (18) and the
value function in the entry-only model (8) concisely highlights the consequences of
allowing for incumbent innovation.” The value function in (18) is the sum of the
net present value of flow profits (the “production value”) and the option value of
product innovation (the “innovation value”). The production value is almost the
same as in the entry-only model. The only difference is that the relative efficiency
of a product (q/Q:)" " changes at rate (¢ — 1) (I — g9) rather than — (¢ — 1) ¥ if
g is constant. The innovation value is, of course, absent in the entry-only model.
If incumbent innovation gets prohibitively expensive, i.e. I = 0 and ¢, = co, the
solution in (18) coincides with (8).

The second important implication of Proposition 2 is that the equilibrium rate of in-
cumbent product innovation x is constant and a function of technology only. It is in-
dependent of any general equilibrium variables and, in particular, does not depend
on the rate of population growth 7. The reason is that the free entry condition in (7)
still applies, which ties the ex-ante value of product innovation a VP + (1 — ) VNV
to the entry costs #wt. Economically, it follows from the fact that incumbents’ in-
novation technology has decreasing returns at the firm level, whereas entry, which
operates at the aggregate level, has constant returns.® Hence, the free-entry condi-
tion pins down the value of product creation, and incumbent firms optimally choose
the rate of product creation to equalize the marginal cost and the marginal benefits.
This also implies that equation (19) holds both on and off the BGP and relies only

on the free-entry condition to be binding.’

Note that, along a BGP, the discount rate in (8) is given by p + 7+ 6 + (¢ — 1) gp.

8Note that incumbent product creation also has constant returns in the aggregate: if the num-
ber of firms were to double, the amount of product creation performed by incumbents would also
double.

In Section 2.7 below, we generalize our results to the case in which the entry process has de-
creasing returns in the aggregate. In that case, x is also affected by population growth.
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With the results of Proposition 2 at hand it is also immediate why most results of
Proposition 1 still apply even in the presence of incumbent innovation. Labor mar-
ket clearing and free entry (that is, the analogues of (9) and (10)) are now given by
(=17 G ks

—+ix§ and . —+— (20)
N PE  Px 9 p+T+o+(c—-1)(g° -1 AN p+T+6 '

and thus still require the number of products to grow at the same rate as the popu-
lation. This implies that variety creation v and creative destruction T are still given
by the same expressions as in Proposition 1 and that the aggregate growth rate takes

the same form, augmented by the vertical dimension of own-innovation I:

—0—1 —o—1
y_ ) 7 -1\ ¢
8 H( o—1 >1—oc+< o—1 |1—a 1)

The important new insight here is that the composition of product innovation be-

tween entrants and incumbent firms is endogenous, and depends on population
growth. In particular, equations (16) and (19) imply that
v _n+o

1—u« x_l—zx X

where x is constant and given in (19). Hence, the entirety of the decline in popu-
lation growth is absorbed by the economy’s extensive margin - entrants do all the
work and incumbents’ rate of product creation is insulated from demographics. This
compositional change, whereby falling population growth increases incumbent in-
novation relative to entrants is a key aspect of how population growth changes the

process of firm dynamics and the firm-size distribution.

2.4 Population Growth and Firm Dynamics

Above we already highlighted the impact of population growth on firms’ chances of
survival: lower population growth leads to less creative destruction and hence older
firms. If firms grow over their life-cycle, this shift in the age distribution causes
concentration. To see this formally, define firms’ net rate of product accumulation
Y = x — (T +6), which is exactly the difference between the rate of product loss

T + ¢ and the accumulation of products x. Using (12) to express T in terms of the
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rate of population growth 7 yields ¢ = x — “1’7:3: a decline in population growth

increases the net rate of product accumulation, because firms face less of a threat of

creative destruction.

This net accumulation rate 1p emerges as the key determinant for the process of firm
dynamics. Let S (a) again denote the survival function, that is, the probability that
a given firm survives until age a. Moreover, let 77 (a) denote the average number of
products of a firm of age a. As we show in Section A-1.1.8 in the Appendix, S (a)
and 7 (a) are given by

e

S = A=

and 7(a)=1- % (1—e¥). (22)

In Figure 3, we display S (a) and 7 (a) graphically. Naturally, S (a) is declining
and satisfies lim,; .o S (a) = 0, because all firms exit eventually. Similarly, 7 (a)
is increasing because surviving firms are selected on having had many success-
ful product innovations and little creative destruction.!® More importantly, lower
population growth increases firms’ survival rates and their life-cycle profile of prod-
uct growth, and hence increases concentration both by shifting the age distribution
towards older (and hence large) firms, and by increasing firm size conditional on
age.!!

Interestingly, and in contrast to the entry-only model, this increase in firm size goes
hand in hand with an increase in the aggregate variety intensity .4; = N;/L;. This is
due to the multi-product nature of our theory: whereas population growth reduces
the number of firms per worker, it increases the number of products per worker
because each existing firm offers a larger product portfolio. Hence, higher concen-

tration can coexist with an expansion of product variety.

Another way to analyze the effect of population growth on concentration is to con-

19Note that if incumbents firms do not engage in product innovation, that is x = 0, the expressions
an+d ) a

in (22) reduce to7 (a) =1and S (a) = e_(ﬁ
n fact, average firm age is given by E [Age] = L 1In ( 0

an+o—(1—a)x

T ), which is decreasing in 7.
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Figure 3: Falling Population Growth and Rising Concentration

(a) Firm Survival (b) Size by Age

Survival rate

Avg. number of
S(a)

products A
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Note: The figure shows the relationship between population growth 1 and firms’ survival probabilities S (a) in the left panel
and the relationship between population growth 7 and the average number of products 7 (a) in the right panel.

sider the right tail of the size distribution. Firm-level employment is given by

nyg oc—1 P ng o—1 P
_ v (4 Li _ v (4 &
lft_i;(Qt) XNt‘Z;(Qt) “r 23)

that is, the firm-size distribution depends on the distribution of the number of prod-
ucts n and of scaled efficiency g/Q. As we show in Section A-1.1.8 in the Appendix,
both of these distributions may have a Pareto tail. The right tail of the employment
distribution is thus given by ¢; = min {Qn, (71T1Qq }, where g, is the tail of the prod-
uct distribution and g, is the tail of the scaled efficiency distribution. Intuitively,
firms can be large in two ways: by having many products, or by having an extraor-
dinarily good product.

As aslong as i > 1 > 0, the results of Luttmer (2011) imply that the distribution of
the number of products n f has a Pareto tail ¢,, which is given by

1 (I—a)7
Q”_E_x(l—zx)—é—oay' @)

Hence, the tail of the product distribution is a closed-form expression of the rate of

population growth 7, and a decline in population growth increases concentration,
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that is, lowers ¢, toward unity. Equation (24) highlights that population growth af-
fects the product distribution through two channels. Holding firms’ net expansion
rate i constant, lower population growth increases concentration because it reduces
the rate at which new firms, which are, on average, small, enter. In addition, lower
population growth endogenously increases the net accumulation rate ¢ and concen-

tration.

The distribution of relative efficiency also has a Pareto tail. As long as the initial
efficiency distribution I has a thin tail, the tail parameter ¢, is implicitly defined by
(see Section A-1.1.8 of the Appendix):

—o—1
g (—q0_11> = —1+aA%, (25)

and hence depends on A, «, 0, and 7. Interestingly, and in stark contrast to (24), the

tail of the efficiency distribution ¢, is independent of population growth 7.

To summarize, declining population growth always increases concentration, be-
cause incumbent firms expand at a faster rate and survive longer. Whether this
increase in concentration also shows up in the right tail of the size distribution de-
pends on the comparison of ¢, and ¢, . If 0, < 04, lower population growth reduces
the tail of the employment distribution. Which of these coefficients dominates is a

quantitative question.

2.5 Growth and Firm-Dynamics without Scale Effects

One key implication of our theory is the absence of scale effects, both for the ag-
gregate growth rate and the equilibrium firm size distribution. For the aggregate
growth rate, this is immediately apparent from (21): as in the semi-endogenous
growth model of Jones (1995), the rate of growth depends on the rate of population
growth and is independent of the population level. For the firm-size distribution
this follows because along a BGP, both the distribution of the number of products
and the distribution of scaled qualities are stationary and are fully determined from
the entry flow z, the rate of product innovation by incumbents x, and the rate of
own-innovation I, all of which are independent of the level of the population L;.12

12This result does not hinge on taking I to be exogenous, which we assumed for purely exposi-
tional purposes. In Section 2.7 we treat I as endogenous and show that it is independent of level of
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This symmetry for the role of scale effects is not a coincidence. Consider for ex-
ample Klette and Kortum (2004), which features strong scale effects for growth and
implies that the firm size distribution depends on the size the population: a larger
population increases growth and creative destruction and reduces firm size.!> By
contrast, our theory features weak scale effects: faster population growth increases
growth and creative destruction and reduces firm size. Differences in the level of the
population, however, simply change the number of varieties N;, leaving the process
of firm-dynamics and aggregate growth unchanged.

The reason for these differences is embedded in the free entry condition. If the mass
of products is taken as exogenous, free entry requires that a larger population leads
to higher discounting via creative destruction. In our model, the level of varieties
is endogenous and the adjustment operates through the level of flow profits. Im-
portantly, changes in creative destruction lead to changes in the growth rate and the
tirm size distribution, whereas changes in the mass of products change the level of
productivity while keeping the rest of the economy stationary. In that sense, our
model is akin to Young (1998), augmented with a full endogenous process of firm
dynamics.

The same intuition also applies to understand the consequences of population growth.
In models with a fixed product space, population growth leads to rising growth and
a non-stationary firm size distribution. In our model, population growth is consis-
tent with a BGP and a stationary firm size distribution. Given that empirically the
distribution of firm size is reasonably stable when compared to the large changes
in the size of the population, firm-based models of growth would seem to point

towards a world of semi-endogenous growth.

2.6 The Mechanism: Demand or Supply?
Falling population growth impacts the economy both through a decline in the growth
rate of labor supply and via aggregate demand. It is thus natural to ask whether the

the population.

13The Klette and Kortum (2004) model is nested in our framework. It is a parametrization where
the population is constant (i.e. 7 = 0), there is no own-innovation (i.e. I = 0) and the mass of
varieties is exogenous (i.e. « = 1 and § = 0). Incumbents’ innovation efforts are still constant and

ATl
—1 T

Creative destruction T and the production share £” are then determined from the free entry condition
and the resource constraint. It is easy to show that an increase in L increases zand hence .

given by (19). The rate of entry is given by z = T — x and efficiency grows at rate g9 =
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resulting changes in firm dynamics and aggregate growth reflect supply, demand or
both.

To distinguish the supply and demand channel, we can extend our model to a multi-
sector environment. Suppose there is a second sector that has access to a production
technology Y; = A;H;, where H; denotes the number of workers in sector 2 and .A;
grows at an exogenous rate gA. The mass of sector-2-workers H; grows at rate 17H
and they can only provide labor to sector 2. All individuals have identical intra-
temporal Cobb Douglas preferences c; = clftc%t_ﬂ, and spend a share ¢ on goods of
sector 1. This can be also be thought of as an open economy extension where sector
2 is a foreign country. This allows us to independently vary aggregate demand and
labor supply for sector 1. Changes in population growth of sector-1-workers, 7,
still have supply and demand effects. By contrast, population growth of sector-2-
workers, 7111, or changes in productivity growth ¢ have no effect on labor supply
in sector 1.

In Section SM-2 in the Supplementary Material we characterize this model in detail
and derive the analogue of Proposition 1 in this more general environment. First,
we show that the resulting firm-size distribution is exactly the same as in our base-
line economy. Crucially, neither ¢ nor 77 have any effect on the rate of creative
destruction T, variety creation v and entry and incumbent innovation z and x.

By contrast, real consumption growth of workers in sector 1 is now
1
c __ Q N . A H _
8 —19(g + -8 )+(1 8) (g +n" =),

An increase in foreign productivity growth ¢ raises domestic consumption growth
through cheaper relative prices, as does faster population growth abroad, 7. These
results highlight that the relationship between population growth, firm-dynamics
and local productivity growth is a supply side phenomenon. However, domestic
consumers can be somewhat isolated from falling local population growth by global

productivity or population growth.

2.7 Discussion of Assumptions
Four assumptions make our theory particularly tractable. First, we assume the econ-

omy has access to a linear entry technology. Second, product creation is undirected:
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a constant share « of product innovation results in creative destruction rather than
new-variety creation. Third, we took the rate of own-innovation I to be exogenous.
Forth, innovation and entry only require labor, and hence scale proportionally with
aggregate productivity Q;. In this section, we show that our main results qualita-
tively do not hinge on them.

Decreasing Returns in the Entry Technology. Assume the productivity of entrant

labor hired to produce new ideas is given by
@k (zt) = ¢pz; ¥ where x > 0. (26)

Here, z; is the aggregate entry rate that each entrant takes as given. For x = 0,
this specification yields the constant-returns case analyzed above. For x > 0, the
cost of entry rises with the aggregate entry rate. Under (26), free entry requires
that V; (9Q) = mwt = ézi‘wt. Hence, the aggregate entry supply curve is
increasing in the value of entry with an elasticity 1/). We refer to x as the strength
of congestion.

Irrespective of the entry technology, the rate of variety growth is still tied to the
rate of population growth, i.e. v = 5 + . This directly implies that two important
results of Proposition 1 still apply: the rate of creative destruction is still given by
T = 1% (7 4+ J) and the aggregate growth rate g¥ is still given in (13). By contrast,
the composition of product innovation depends on the strength of congestion .
The policy function of incumbents and the congestion-adjusted free-entry condition

imply

1+8=(1=8) (z+x) = (1-a) (z+ (?”ZS”)“) (1) <z+ (;))

It easy to see z is declining in 7. Given z, the rate of incumbent product creation is

givenby x = (¢x/ (¢ ngE))@1T1 271, For the case of no congestion, x = 0, the solution
is exactly as in Proposition 1 and x does not depend on population growth. If x > 0,
x is increasing in z and hence also declining in population growth. Whether changes
in population growth affect entrants or incumbents relatively more depends on the

congestion elasticity x relative to the convexity of the cost function {. In particu-
{-1-

X
lar, z/x o< z ©T so that entrants respond relatively more to changes in population
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growth if { —1 > x. Hence, qualitatively, all the results derived above hold true as
longas ¢ —1> .

Endogenizing the Direction of Innovation x. Our second assumption concerns
the direction of innovation a. In Section A-1.2 in the Appendix, we present a de-
tailed analysis of an extension of our model, where entrants and incumbents can
directly choose the flow rate at which they want to creatively destroy products (xcp
and zcp) and at which they want to create new varieties (xyv and zny). Hence,
T = zcp + xcp and v = xny + zyy. For entrants, we assume, as in the baseline
model, that each worker can generate ¢ new business ideas. To turn a business
idea into a viable product, new firms have access to the same innovation technology
as incumbent firms. This structure maintains both the symmetry between entrants
and incumbents and the linear entry technology, but endogenizes the direction of

innovation «.

This extension of our model is still very tractable. First, the value function takes a
similar form to (18) in Proposition 2: the production value is exactly the same as in
(18), the innovation value takes a slightly different form. Second, the optimal rates

of incumbent innovation are given by

 (on Vi (@Qp)\TT (e Ve (AQ)\ T
= ()T e = (FREGE)T @

Third, because entering firms have the same innovation technology as incumbents,
zny = xynz and zcp = xcpz, where z is the aggregate flow of entry (per product
Ny).

Equation (27) highlights why variety creation and creative destruction are tightly
linked: both depend on the same value function V; () /ws. In fact, in the special
case where A = @, this model is exactly isomorphic to our baseline model because
equation (27) implies % = ;}i—@ = (9pcp/on)Y (=1 Like in our baseline model,
we can thus write xcp = ax and xyy = (1 —a)x, where x = xcp + xnv is the
total quantity of incumbent innovation. Free-entry then implies x is again fully
determined from parameters and insulated from demographics, and the expression
for creative destruction 7 is unchanged. In Section A-1.2 in the Appendix, we also

analyze the general case of A # @, which implies « is no longer constant. However,
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talling population growth still reduces both creative destruction and the relative

importance of entrants z/ x.

Endogenous Own-Innovation I. As we show in Section A-1.2 in the Appendix, all
of our results also extend seamlessly to a case where [ is endogenous. The expres-
sions for T and gy are exactly the same as in Proposition 1 and so is the expression
for the equilibrium growth rate g%, except that I is no longer a parameter but a choice

variable. This endogenous rate of own-innovation is in turn given by

o, 1 7—1 1&)@1—1“
I_g<1 p+r+5< Z )(quE ) ’ =

where ¢ is a collection of structural parameters. Note that (28) expresses I directly

as a function of parameters and a single endogenous variable - the rate of creative
destruction. And because [ is increasing in the rate of creative destruction, a de-
cline in population growth reduces the rate of own-innovation. This endogenous
response of incumbents” own-innovation efforts thus amplifies the negative growth

consequences of falling population growth.!4

Rising Innovation Costs. We have also assumed innovation costs scale with overall
productivity Q;. In particular, the entry cost is a fixed amount of labor, and hiring
the same amount of labor generates a constant flow of useful ideas regardless of
how advanced the economy is. Doing so is crucial to generate a stationary firm size
distribution. We can modify the theory to incorporate rising innovation costs as the
economy grows. Formally, suppose that the cost of entry and incumbent innovation
was given by _-Q7 and J-x‘nQj. Hence, if ¢ > 0, a higher level of productivity
Q; increases the costs of further product innovation. We analyze this case in Sec-
tion A-1.2.3 in the Appendix. The main implication is that average firm size is no

longer constant, but must rise forever on the balanced growth path. Intuitively, if

14The fact that I is increasing in the rate of creative destruction seems surprising given that higher
creative destruction reduces the expected life-span. Holding the market size L' /N; fixed, this in-
tuition is indeed correct. However, once the change in Lf / Nt is taken into account, the effect of a
higher rate of creative destruction becomes positive. The reason is that free entry requires the average
production value plus the innovation value to be equal to the entry costs. A lower rate of population
growth increases the innovation value (because creative destruction declines) and hence reduces the
production value. And as the returns to own-innovation only scale with the production value, they
are lower in an environment with lower population growth.
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the cost of entry rise faster than aggregate productivity, free entry requires that ag-
gregate profits must also rise. This is achieved though a decline in competition and

a continual increase in the size of firms.

3 Extension: Endogenous Market Power

So far, we have assumed markups were constant and equal to the standard CES
markup. We now generalize our model by assuming firms compete a la Bertrand
within product lines. Doing so makes the distribution of markups endogenous, and
allows us to study the effects of falling population growth on market power.

Given the CES structure of demand, each firm would like to charge a markup of -7
over marginal cost. However, the presence of competing firms within their product
line implies the most efficient producer might have to resort to limit pricing. If they
are unable to price at the optimal markup without inviting competition, they will
set their price equal to the marginal cost of the next most efficient producer of that
good. The markup charged in product #, y;, is thus given by y; = min {-%7,A;},
where ¢ is the efficiency of the next best competitor, and A; = g;/4¢ > 1 is the
tirm’s efficiency advantage relative to it competitors (we also refer to this as the
“gap”).

The static equilibrium allocations generalize in a straightforward way. Aggregate
output and equilibrium wages are now given by Y; = /\/thtNt% LY and w; =
AtY:/ Lf , where

- [ 577 @/ Q)" ks (a,1)

S = (a/Q0)" " dF: (q,1)

(e @0 R am)

t = o—1 and At =
Ju=o(q/Q)" " dF: (q,p)

and F;(gq, u) denotes the joint distribution of efficiency and markups. The two aggre-
gate statistics M; and A; fully summarize the static macroeconomic consequences
of monopoly power. Market power reduces both production efficiency (the misal-
location term M;) and lowers factor prices relative to their social marginal product
(the labor wedge A;). Because our model generates the joint distribution of markups
and efficiency F; (g, 1) endogenously and this distribution is a function of the rate of
population growth, declining population growth affects both M; and A;.

Most of our theoretical results carry over to this more general environment. Al-
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Figure 4: Falling Population Growth and Rising Market Power

(a) The Life-Cycle of Product Markups (b) The Distribution of Markups
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Notes: This left panel shows a stylized example of how markups evolve at the product level. When a firm takes over a product,
markups increase through own-innovation. Once the product is lost to another firm, markups are reset to the baseline level of
A. The right panel shows what happens to the distribution of markups when population growth falls.

though the value function is more involved, we show in Section A-1.3 in the Ap-
pendix that we can still derive an analytic expression that has a similar form to
the one derived in the constant markup case. More importantly, the key results
of Proposition 1 exactly hold in the model with Bertrand competition. Hence, our
findings that lower population growth increases concentration and lowers growth

directly carries over to the environment with Bertrand competition.

Allowing for imperfect competition, however, yields additional insights. Our model
features a crucial asymmetry between productivity growth due to creative destruc-
tion and own-innovation. Suppose the current producer of product i has an effi-
ciency gap of A;. If this firm is replaced by another producer, the efficiency gaps
reduces to A as the new firm’s efficiency exceeds the one of the previous producer
by the creative-destruction step size A. By contrast, if the existing firm increases
its efficiency through own-innovation, the markup increases at rate I (as long as
A; < %). Therefore, own-innovation is akin to a positive drift for the evolution of
markups, whereas creative destruction is similar to a “reset” shock, which keeps the
accumulation of market power in check. This process is displayed in the left panel
of Figure 4.

This stochastic process gives rise to a stationary distribution of markups. Newly
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created varieties do not face any competitor and charge a markup of ~Z;. Products
that have been creatively destroyed at some point in the past are sub]ect to Bertrand
competition and the markup depends on A. Let NNC denote the mass of products
without any competitor, and let N¢ be the mass of products that are subject to com-
petition. Consistency requires that Ny = NNC + NF. In Section A-1.3.1 in the Ap-
pendix, we prove two results. First, we show that, along a BGP, the share of product
without any competitor is given by NN¢/N; = 1 — ; that is, it is simply given by
the share of product creation that results in new varieties. Second, the distribution

of efficiency gaps among products with a competitor is given by

7+
T -

FC(A)=1—(A/A) T =1 (A/A)TS (29)
the marginal distribution of efficiency gaps is a Pareto distribution with a tail pa-
rameter of w. As such, slower population growth increases the equilibrium dis-
tribution of efficiency gaps in a first-order stochastic dominance sense. First, slower
population (and hence product) growth shifts the product distribution toward old
products, which, on average, have higher markups. In addition, because slower
population growth also reduces creative destruction, this effect is amplified; that is,

the average product age is increasing even for a given cohort of firms.

To translate the distribution of efficiency gaps into the distribution of markups, re-
call that y (A) = min {-%5,A}. For the case in which markups are below the “un-
constrained”, monopolistically competitive markup -7, the distribution of markups
is a truncated Pareto. Among products without a competitor, the markup is given
by -%5. A reduction in population growth therefore increases markups along the
whole distribution and shifts more mass towards the maximum CES markup. In
the right panel of Figure 4, we depict how the distribution of markups changes in
response to a decline in population growth from 7 to 7;.

The macroeconomic consequences of misallocation are summarized by M and A,
which depend on the joint distribution between efficiency gaps A and efficiency
g. To derive this distribution, define relative efficiency § = In(gq/ Qt)‘f_1 and let
A =1InA"!. Denote FE(A, ) as the joint distribution of efficiency gaps and relative
efficiency for products that have a next-best competitor. Similarly, denote FN¢(4)
as the distribution of relative efficiency for products that do not have a competitor.
We show in Section A-1.3.1 in the Appendix that these objects satisfy the differential
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equations

OFF(A) _ _9F(A) Q) FL(8,9) ;
5 === IN—(c—1)(I—gy) % —(Tt+(5+17)Ft<A,q>
drift from own innovation product loss
+ lim TFF (s, 4 — A) + TNtNCFNC(A—/'A\)
Sose0 tLy q t Ntc t q s

creative destruction of C products  creative destruction of NC products

NC (4 NC (5 —a xp (4
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product loss

drift from own innovation new products

These expressions highlight the separate roles of own-innovation and creative de-
struction in influencing the evolution of efficiency and markups. Own-innovation
causes both production efficiency and the gap to drift upwards at the deterministic
rate I, whereas creative destruction “resets” the mass in the distribution above A to

have a gap of A.

Though these distributions do not have a closed-form solution on the BGP, they
can easily be computed. Because higher markups reduce the labor share A and
more dispersed markups reduce allocative efficiency M, lower population growth
tends to increase profits relative to factor payments and has adverse effects on static
allocation efficiency. Below, we quantify the strength of these forces and solve for
the joint distribution F;(A, §) computationally, both along the BGP and during the

transition.

4 Quantitative Analysis: Calibration

To quantify the importance of declining population growth, we now calibrate our
model to data from the US. We parametrize the model to a balanced growth path
matching key moments of the data in 1980, when labor force growth was approx-
imately 2%. We then study the aggregate impact of the historical and projected
decline in population growth since 1980 by computing the dynamic response in our

model.

4.1 Data
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Our main dataset is the US Census Longitudinal Business Database (LBD). The LBD
is an administrative dataset containing information on the universe of employer es-
tablishments since 1978. It contains information on the age, industry, employment,
and payroll of each establishment, along with identifiers at the firm level that allow
us to track the ownership of each establishment over time. We define the age of the
firm in the LBD as the age of the oldest establishment that the firm owns. The birth
of a new firm requires both a new firm ID in the Census and a new establishment
record.

To measure firms’ markups, we require information on sales. We augment the LBD
data with information on firm revenue from administrative data contained in the
Census Bureau’s Business Register, following Moreira (2015) and Haltiwanger et al.
(2016). The Business Register is the master list of establishments and firms for the
US Census, and we are able to match approximately 70% of the records to the LBD.

In Table A-1, we provide some basic summary statistics on the firms in our dataset.
In total our data comprises about 3.61 million firms in 1980 and 4.95 million firms in
2010. During that time period, average firm employment increased by around 10%,
from 20 to 22 employees. The aggregate employment share of firms with less than
20 employees declined from 21.5% to 18.8%, and that of very large firms (with more
than 10,000 employees) increased from 25.7% to 27%. Furthermore, firms became
substantially older: the employment share of firms less than five years old declined
from 38% to 30%. Qualitatively, all these facts are implications of our theory. Be-
low we show the observed decline in population growth goes a long way toward

replicating these patterns quantitatively.

4.2 Calibration

Our model is parsimoniously parametrized and rests on 11 parameters:

‘IJ: “zgr(PE/q)xrlza_]//\ VAN 5 , / 17 ’ P/Cr

E . ~~~
Innovation & Entry technology “X°& exit Pop. growth Preferences

We set three of them exogenously. We fix the elasticity of substitution between prod-
ucts o at 4, following Garcia-Macia et al. (2019), set the discount rate p to 0.95, and

assume a quadratic innovation cost function (i.e. { = 2) as in Acemoglu et al. (2018).
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Table 1: Model Parameters

Structural Parameters Moments
Description Value Data  Model
Labor force growth in 1980 0.02  Data from BLS 2% 2%

A Step size on quality ladder 1.11  Aggregate poductivity growth 2% 2%

I Rate of own innovation 0.023  Markup growth by age 10 (RevLBD) 10.2% 10.2%
¢x  Cost of inc. product creation 0.04  Sales growth by age 10 (RevLBD) 58% 58%
¢r  Cost of entry 0.12  Avg. firm size (BDS) 20.7 20.7

6 Exogenous rate product death 0.06  Entry rate in 1980 (BDS) 11.6% 11.6 %

«  Share of creative destruction 0.59  Average profit share 25% 25%
@  Relative efficiency of new products ~ 0.45  Pareto tail of LBD employment distribution in 1980 1.1 1.1

¢ Curvature of innovation cost 2 Set exogenously

o Demand elasticity 4 Set exogenously

p  Discount rate 0.05 Set exogenously

Note: This table reports the calibrated parameters for the full model. Data for the firm lifecycle comes from the US Census
Longitudinal Database, augmented with revenues from tax-information using the Census Bureau’s Business Register. Data
for average firm size and the firm entry rate in 1980 are taken from the public-use Business Dynamics Statistics.

The rate of labor force growth 7 is directly observed in the data and is our key pa-
rameter for the comparative statics. The remaining seven parameters are calibrated
internally. First, we target three moments from the cross-sectional firm-size distribu-
tion in 1980: the entry rate, average firm size and the Pareto tail of the employment
distribution. Second, we utilize two moments of firm-growth, namely the dynamics
of sales and markups over firms’ life-cycle. Finally, we rely on two aggregate mo-
ments: the growth rate and the average markup. In Table 1 we report the parameters
and the main moments we target. While all moments are targeted simultaneously,
there is nevertheless a tight mapping between particular moments and parameters

which highlights how the different parameters are identified.

Innovation efficiency of incumbent firms: [ and ¢,. We identify the relative ef-
ticiency of own-innovation and horizontal expansion from the life-cycle profiles
of sales and markups. Because markup growth is driven by incumbents’” own-
innovation activities (see Figure 4), this moment is informative about the rate of
efficiency improvement I. Sales growth is in addition also affected by the rate of in-
cumbent product creation, which depends directly on the cost of product expansion

31



Px-

As we show in detail in Section A-2.2 in the Appendix, we can derive the life-cycle
profiles of sales and markups (essentially) explicitly. This is not only convenient
from a quantitative standpoint but also clarifies our identification strategy. The main
insight in deriving these moments is to first express markups and sales of a given
product as a function of the product age ap. Average sales as a function of product

o1
o] = (8)

where yi (ap) = min {-%, A (ap)} = min { 2%, Ae/??}, and the remaining terms are

age ap are given by

Sp (Elp) =E [p;yl

ap] = (ay) D)o,

average relative quality.'®

With this expression for relative product sales sp (ap) in hand, we can calculate the
life-cycle of sales and markups at the firm-level. Average sales and markups as a
function of firm age ar are given by

3 - plar) |
vl iz

Zl‘:f1 sp (ap

where the expectations are taken with respect to the conditional distribution of Ny
and ap, conditional on a¢. As we show in Section A-2.2 in the Appendix, we can cal-
culate these conditional distributions essentially explicitly. This allows us to com-
pute the life-cycle profiles of sales and markups without having to simulate the
model.

Empirically, we measure markups at the firm level by the inverse labor share y; =
pys
wl¢’

this approach allows us, in principle, to measure markups for the population of US

where pyy is the total revenue of the firm, and wly is the total wage bill. While

firms, we only use firms’ markup growth to calibrate our model. More specifically,

15Because own-quality g increases at rate I while average quality Q increases at rate g%,

el (1-89)ay is the relative drift of these random variables. The last term reflects the initial average
quality when the firm adds the product to its portfolio.
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letting yi 7 ; be the markup of firm f at time ¢, we run a regression of the form

20
Inpge; = Z ’)’gHAgeft:a +0r+ 0 +€r,, (30)
a=0

where [ 40, = is an indicator for whether the firm is of age 2 and 6 and 6; are firm
and time fixed effects respectively. Hence, v} provides a non-parametric estimate of
the rate of markup growth. We calibrate our model to the growth rate at the 10-year
horizon, 'yilo. Because we explicitly control for a firm fixed effect when estimating
(30), we do not have to take a stand on firms” output elasticities as long as they are
constant with age.

We follow the same approach when we estimate the life-cycle of sales; that is, we
also estimate (30) using log sales as the dependent variable and target ’y’fg in our
quantitative model. In the LBD, firms increase their average markup by roughly 10
percentage points and grow in size by about 80% by age 10.

Entry costs and product loss: ¢ and 6. We choose ¢ and ¢ to jointly match the
entry rate and average firm size. The free condition determines market size L/ N;
as a function of entry efficiency ¢g. This in turn is a key component of average firm
employment. We thus choose ¢r to match an average firm employment of 20.04 in
1980 from the BDS. The higher the entry efficiency, the smaller the average size of
tirms. The exogenous rate of product loss é directly influences the exit and hence -
in a BGP - the entry rate of firms. We target the entry rate in 1980 of 11.6%.

Productivity growth through innovation: A and w. The parameters A and w deter-
mine the relative quality of creatively destroyed products (1) and newly generated
varieties (w). We infer these parameters from the aggregate rate of growth and the
tail of the firm size distribution. That A and w directly affect the growth rate is ap-
parent from Proposition 1. For the tail of the firm size distribution, we find in our
calibration that ¢, > —15¢,, i.e. the tail of the employment distribution is given by
¢ = %gq, where ¢, is given in (25). Given a and o, this tail only depends on A and
w. For our calibration, we chose A and @ to target a rate of productivity growth of

2% and a tail parameter of the firm size distribution of 1.1 (close to Zipf's law).1

16While none of the moments we target depend on higher moments of the initial efficiency distri-
bution I'(w), the shape of the final joint distribution of productivity and markups F(4, A) is affected
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New varieties vs. creative destruction: «. The share of new products in innovation,
1 — a, plays an important role for the level of markups in the economy. The higher
«, the lower the economy-wide markup, because the higher the share of products

that are subject to Bertrand competition. We target an economy-wide profit share of
25%.

4.3 Estimates and Model Fit

As seen in Table 1, our model is able to match the targeted moments perfectly. To
match the fact that firm-level markups grow by around 10 percentage points at the
10 year horizon, our model implies a rate of own-innovation of around 2.3%. For
a creative destruction event, we estimate a productivity increase of 11%. This is
required to match an annual aggregate growth rate of 2%. The initial production
efficiency of new products is estimated to be low, about 50% of the average product
in the economy. This relatively low value is required to match the thickness of the
tail of the employment distribution. These estimates imply that average quality 7
is given by 0.95. They also imply that the long-run relationship between economic
growth and population growth is given by

—o—1

dgy/dn = 1 -

C-Dd-a "

which is qualitatively consistent with the findings of Bloom et al. (2020). In their
model, dg, /dy = 1/ where B is the “degree of diminishing returns” (i.e. A;/A; =
Ap P LR). They estimate B = 3 for the aggregate economy.

In addition to the targeted moments, our model, despite its parsimonious parametriza-
tion, also matches a variety of additional non-targeted moments. Consider first the
sales and markup life cycle. In Figure 5 we show the model’s performance by plot-
ting the estimated coefficients ¥ and 7/? from specification (30) estimated in the
model and in the data. As highlighted in Table 1, we calibrate our model to match
714 and 7},. Figure 5 shows that the model’s implication for the whole age profile
of sales (in the left panel) and markups (in the right panel) is quite close to what is
observed in the data.l”

by this choice. We choose I to be a Pareto with mean @ and a tail index of 4, which rationalizes the
relatively low dispersion of entrant size in the LBD.
7In Figure A-2 in the Appendix we show the joint density of markups and efficiency at the prod-
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Figure 5: Lifecycle Growth in Firm Sales and Markups
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Note: Panel (a) in this figure compares the lifecycle of firm sales in the model to the estimated lifecycle in the data. The data

lifecycle plots the age coefficients from estimating equation (30) in the LBD. The sample size is 35, 300, 000, where this number
has been rounded to accord with Census Bureau disclosure rules. Panel (b) does the same for relative markups.

In Figure 6, we confront our model’s predictions for the size distribution and firms’
exit hazard with the data. Whereas we have explicitly targeted average size and
the Pareto tail, the left panel shows that our model matches the full non-parametric
firm size distribution very well.!® Note, in particular, that it replicates the aggregate
importance of very large firms with more than 1000 employees, which account for
25% of aggregate employment. A central reason our model successfully replicates
the firm-size distribution is that it provides a good fit for the empirically observed
exit hazards, despite the fact that we do not target them in the estimation - see right
panel of Figure 6. In our theory, exit rates are declining in age because older firms
have more product lines, and owning more products progressively lowers the like-
lihood that they will all be destroyed within a particular year.'

uct level, illustrating the positive correlation between markups and efficiency induced by survival
and own-innovation.

18For replicability we chose size bins that are also available in the publicly available data from the
BDS.

9In Section A-2.3 in the Appendix we also analyze our model’s predictions for firms’ exit rates
by size. Our model overestimates the extent to which large firms exit. The reason is that (in our cali-
bration) the thick tail of the employment distribution is driven by the distribution of product quality.
Hence, large firms are firms with a few superstar products, not those with many products. And be-
cause creative destruction is independent of product quality, such firms are as likely to exit as other
firms. In Section A-2.3 we also show how we can extend our model to allow for type heterogeneity
along the lines of Sterk et al. (2021) to address this counterfactual prediction.

35



Figure 6: Size Distribution and Exit Hazards: Model vs Data

(a) Size Distribution (b) Exit Rates By Age
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Notes: This figure plots the employment shares by firm size (left panel) and the lifecycle exit rates (right panel) in the calibrated
model (blue) and the data in 1980 (orange). The data in the left panel is from the BDS. The exit rates by age in the data are
taken from the increments in a Kaplan-Meier survival function estimated on all firms in the LBD born between 1980 and 1990.

5 The Aggregate Impact of Falling Population Growth

We now use our calibrated model to quantify the consequences of falling population
growth. In the panel (a) of Figure 7 we display the observed and projected decline
in labor force growth since 1980. While the US labor force grew by 2% in 1980, this
rate declined to about 1% two decades later. The official BLS projections paint an
even direr picture for the years ahead: by 2050 it projects the US labor fore to grow
at around 0.25%. To study the implications of this trend, we start with the calibrated
BGP in 1980 and then feed this path into the model, assuming that all agents in our
theory have rational expectations about this path. All other parameters are held
constant.

5.1 Declining Population Growth and Changing Firm Dynamics

We start by considering the impact on firm dynamics. We focus first on the entry
rate, the exit rate and average firm size. In Figure 7, we plot both the data and the
implications of our theory. Consider first the data, shown in green. The entry rate,
shown in panel (b), declined markedly in the last 30 years from around 12% in the
1980s to around 8% in the mid 2000s. Note this series of the entry rate tracks the
evolution of population growth shown in panel (a) closely, and the contemporane-
ous correlation is 0.74. Similarly, the exit rate, shown in panel (c), declined from 9%

in 1980 to almost 7% in 2015. Average firm size, shown in panel (d), rose from 20 to
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Figure 7: Declining Population Growth and Changing Firm Dynamics
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Note: Panel (a) displays the growth rate of the labor force in the US, with the raw series in blue and a HP-filtered trend
component in red. The data is sourced from the BLS, accessed through FRED. Grey shading indicates projections. The
remaining panels show the the dynamic response of the entry rate (panel (a)), the exit rate (panel (b)), and average firm size
(panel (c)) to the path of population growth shown in panel (a) . The same objects from the BDS data are shown in green.

23 employees, increasing by around 15%.

In blue, we superimpose the predictions of our theory. Recall that we used both the
entry rate and average size in 1980 as a calibration target, and hence match these
numbers by construction. The exit rate, by contrast, is not targeted. The subsequent
fall in entry and exit and the rise in average size are the sole consequence of the ob-
served and projected decline in population growth. Figure 7 shows that the decline
in population growth goes a long way toward explaining the observed trends. For
the entry and exit rates, our model matches the US experience almost perfectly. For

average size, our model also predicts an increase in average employment. However,
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our model implies a somewhat slower increase than what is observed in the data,
and that the long-run increase will take many decades to settle at a higher value
once labor force growth stabilizes. The increase in concentration is also similar to
what is observed in the data, with the employment share of large firms (defined by
the BDS to be 10,000 employees or more) increasing by 1% by 2015, roughly in line
with the data (see Table A-1).

In Figure 7, we only display the implications of our theory until 2070. Given the
population growth path shown in panel (a), our model has not reached a new BGP
at this point. Hence, we also plot the long-run implications for the entry rate and
average size as dashed lines. The entry and exit rates adjust relatively quickly and
are already quite close to their long-run BGP values by 2070. By contrast, our model
predicts that average size has some way left to run due to the slow-moving firm size

distribution and will increase substantially in the long-run.

As also highlighted in Hopenhayn et al. (2018), the four series shown in Figure 7
are linked via a fundamental accounting equation: population growth is the sum
of the entry rate & and the change in average firm size S; minus the exit rate A},
N = S;/S; + & — X;.Because our theory correctly predicts an increase in average
size and a fall in the exit rate, the decline in the entry rate is substantially larger
than the decline in population growth. Along a BGP, where average size is constant,
n = & — X. The fact that, empirically, the gap between the entry rate and the exit
declined markedly since 1980, is a further indication that falling population growth
is a key determinant of the observed changes in the US firm size distribution.

Our model predicts that average size is increasing both because of a shift in the age
distribution towards older firms and because lower population growth increases
tirm size conditional on age. Quantitatively, however, much of the increase depicted
in Figure 7 is due to shifts in the age distribution. In Figure A-4 in the Appendix,
we show the change in sales growth and exit by age. These objects do change as
population growth declines, but only modestly. This dominant role of the age dis-
tribution is consistent with the data, where size or exit rates by age also changed
little (see Karahan et al. (2019) and Hopenhayn et al. (2018)).

In Figure 8, we report the implied changes in product-level markups. We display
both the evolution of the cost-weighted average markup (left panel) and the change
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Figure 8: Declining Population Growth and Rising Market Power
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Notes: The left panel shows the transition path of the average product markup as labor force growth changes according to the
path in Figure 7. The right panel shows the markup distribution in the BGP before and after the transition.

in the distribution of markups in the BGP (right panel). As implied by our theo-
retical results, the decline in population growth increases markups in a first-order
stochastic dominance sense. Quantitatively, the increase in market power is modest:
the average product markup increases by about 1%.

Our model implies the increase in markups shown in Figure 8 occurs mostly across
tirms and is a reflection of the fact that firms become older. Within firms, products
tend to become older because products are destroyed less frequently. On its own,
this fact raises average markups. However, firms also accumulate more products,
which are, on average, younger, and hence have lower markups (see Figure A-4).
Quantitatively, these two forces almost exactly offset one another, so that the rise
in markups reflects compositional changes whereby large and old firms with high
markups increase their market share. This pattern is qualitatively consistent with
the findings reported in Kehrig and Vincent (2017) and Autor et al. (2020).

5.2 Declining Population Growth and Welfare

We now turn to the normative implications. In Figure 9 we depict the growth rate
of income per capita (left panel) and the change in the variety intensity .#; (right
panel). As in Figure 7 above, we trace out the model’s implication until 2070 and
indicate the long-run levels of the respective variables in the new BGP as dashed
lines.
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Figure 9: Declining Population Growth and Income per Capita
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Interestingly, the effect of population growth on output growth is not monotone. On
impact, a population growth decline increases output growth for about one decade.
This is due to an increase in the variety intensity .4;, which is a source of variety
gains: even though the number of firms per worker declines, the mass of products
available to consumers goes up. But because this increase in variety is only a transi-
tory phenomenon, output growth eventually declines and stabilizes at a lower level
as in most models of semi-endogenous growth. In our calibration, the long-run
growth rate declines from around 2% to 1.6%.

These competing forces of rising variety and declining growth make the welfare
consequences of falling population growth in principle ambiguous. We measure
welfare in consumption equivalent terms, asking by how much would we need to
change the level of consumption per capita in each period in the old BGP to achieve
the same level of welfare as the transition for a member of the representative house-
hold who discounts the future at rate p. We find that falling population growth
amounts to a 1.9% reduction in the level of consumption each period.

In Table A-2 we use the model to decompose the long-run growth rate into its dif-
ferent components. As seen in Figure 9, a decline in population growth reduces
the long-run equilibrium growth rate from 2% to 1.6%.20 Furthermore, this decline

20We also conducted our analysis for the case of endogenous own-innovation I. As shown in
Section 2.7, this amplifies the effect of population growth on productivity growth. Quantitatively,
we find that long-run growth declines to 1.2% instead of 1.6%.
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stems almost entirely from falling variety growth. In fact, efficiency growth rises
slightly in response to the decline in population growth, because we estimate the
efficiency of new varieties w to be relatively low. Creative destruction declines from
about 20% to 17%.

In the remaining two columns we also report the equilibrium allocation of labor and
the long-run variety intensity. The number of available products per capita increases
by about 20%. At the same time, the share of production workers increases slightly
as lower population growth reduces the extent of innovative activity. Both of these
are consistent with our theoretical analysis of the transitional dynamics in the phase
diagram shown in Figure 2 and they increase income per capita for the given level
of productivity. However, the long-run decline in productivity growth is still the

dominating force to reduce per capita income and welfare in the long-run.

6 Conclusion

Most countries have experienced declining rates of fertility and a slowdown in pop-
ulation growth in recent decades. There is little reason to think this trend is going to

reverse any time soon.

In this paper we have shown that this trend has important implications for the pro-
cess of firm dynamics and for aggregate productivity. We analyzed a firm-based
model of semi-endogenous growth that is rich enough to rationalize many first-
order features of the micro-data, but nevertheless lends itself to an analytical charac-
terization of the effects of population growth. Declining population growth reduces
creative destruction and entry and increases average firm size, markups and market
concentration. Furthermore, lower population growth reduces economic growth in

the long-run, but has positive effects on productivity in the short-run.

In our application to the US, we draw three main quantitative conclusions. First,
the population growth channel can account for a large share of the change in entry
and exit rates and firm size since the 1980s and is thus likely to be an important
contributor for the decline in dynamism in the US and the rest of the developed
world. Second, even though the decline in population growth is predicted to lower
economic growth in the long-run, economic growth remains higher for almost two
decades. Finally, even though lower population growth increases market power

and markups, we estimate this effect to be quantitatively small. Hence, the rise in
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markups and the fall in the labor share are unlikely to be driven by falling fertility.
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Online Appendix for “Population Growth and

Firm Dynamics”

[FOR ONLINE PUBLICATION]

A-1 Theory

A-1.1 Characterization of the Baseline Model

This section contains the derivation of all results for the baseline model charac-

terized in Section 2. The household side is characterized by usual Euler equation

rs—1)ds
Ct

denotes per-capita assets of the representative household. Our assumption p > 7

& o— p — p and the transversality condition lim;_,« [e hot ] = 0, where a;

implies that the transversality condition is satisfied along a BGP.

A-1.1.1 Static Equilibrium
Consider first the static equilibrium allocations, in particular (1). Letting y; denote
the markup in product 7, the equilibrium wage is given by

1
(/ wi g7 1d1> 1= 11(/14”“0?&(4,14)) -

Similarly, aggregate output Y; is given by

v =y ST R (g, ) T
T e R )

(A-T)

Defining Q; = ([ ¢7 'dF, (q))% = (E [q"’l})% we can write (A-1) as Y; =
1
1\1{71 Qt./\/lth where

a

-1

_ S (a/Q)7 dF (g, 1) nd M — (fﬂ” q/Qt)U_ldFt(q,y))

— (A-2)
[ (q/Q) dFt(q,u)a [ u=(q/Q)" " dF: (g, 1)

For the case of y; = pu, M; and A; reduce to M; = 1 and A; = 1/u as required in
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(1). Product-level sales and profits are given by

o—1 oc—1
A 1-o [ i 1 Yi J— _ l . -
pyi = M; (Qt> <MtAt> N, and 7T; = <1 ,Mi> pYi. (A-3)

-1 o—1
If markups are constant, (A-3) reduces to py; = (&) % and 7t; = (VT_1> <ﬂ>
A-1.1.2 Aggregate Growth Rate
Given 1; and v; = gn; + 6, the rate of quality growth is given by

_Qt_ A1 (5071—1>
gQ—Qt—< =] )Tt—i— =] ve+ L (A-4)

The growth rate of labor productivity is given by

d 1 1 A1 q w’ 1 )
gtLP - %5 <QtNt”]> _ g9+mg?’ =]+ < p— > T+ 0'—th_ U_l(A-5)
A-1.1.3 Derivation of value function V; (g) in the model with entry (Equation
(8))
Conjecture that the value function takes the form V; (q) = ¢°~'U;, so that V; () =
guV (t). The HJB equation in (6) then implies that

-1 ;p
L w0 (E) N .
e e +T+0—gu ' (A-6)
The free entry condition in (7) is thus given by
1 7 (p—1) Hw
Loz vy 2 T W VR corpeyy,
PE r+T+90—gu !

This implies that U; grows at rate g;; = gw — (0 — 1) go. Substituting this in (A-6)
yields (8).

A-1.14 Proof of Proposition 1

Equations (12) and (13) follow directly from #7 = (1 — «) z — ¢ in (11). To derive (14),

consider the free entry condition in (A-7). The Euler equation implies gy, = 7 — p.
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Also, gw = gy /1 — §p- Finally, (A-4) implies that

qﬂ'—l qO’—l
prutot(c—1)gotgmw=p+ 70+ (1=, 1] @r+n)+gr
The free entry condition in (A-7) thus implies that
_ —or—1 P
o= - . (A7)
P p+ o+ (*—1) (gr+m)+8w
Similarly, the resource constraint in (9) can be written as
1—/¢F 1 v 1gyv+6 1gy+n+é
== = °" 7 (A-8)
N ppl—a @ 1—a o 1—«a

These are two differential equations in .4 and ¢}. Together with the initial condi-
tion .4y and the consumers’ transversality condition as a terminal condition, they
determine the path {4, (] },.

Along the BGP, g 4 = g,r = 0. Equations (A-7) and (A-8) can then be solved for .4
and (" given in (14). In addition, (A-7) and (A-8) also characterize the transitional

dynamics depicted in Figure 2. Rearranging terms in (A-8) and substituting for g
in (A-7) yields

(-1 - (F -y

gr = ¢e(l1—a) i —p—0

1 (P
sv = ¢e(1—a) v -1 =9

This dynamic system is depicted in the phase diagram in Figure 2.

A-1.1.5 Proof of Proposition 2
We first derive the value function stated in Proposition 2. Upon rewriting the inno-
vation value E; as

E; = 1 X max { < /w 1,Aq) dF; (q) + (1 — a) /w ], wQy)dl' (w) — ([%]))—fwt},

x X
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it is immediate that the value function is additive, i.e. V;([g;]) = Y1 Vi (g:). The HJB

equation associated with V; (g;) is given by

HVi(9) — Vi (q) = 71 (4) + Ian—ﬁq V@) LB, (A9)

where E; = maxx{x<sztCD (1—a) VNV> - q}xxgwf} with VP = [V, (Aq)dF (q) and
VNV = [ Vi (wQy) dT (w).
Suppose the value function takes the following form V; (q) = ¢°~'U; + M;, where

M; and U; grow at some rate g)s and gy respectively. Then I° ( )q =I1(c—1)g" U,
(A-9) can then be written as

1 c—1 1P
(rt—i-T—l—J—gu)q‘T1Ut+(r+T—|—(5—gM)Mt=<(y 1)< > L+ I(e—-1)U | g7+ &,

Qr Ni
(A-10)
It is easy to show that along a BGP this implies that
o—1 LP
(n—1) (%) N; Wt =
u = Q and M;= ——"
" ptTHi+(o—1) (g1 T ptT+d
as Z; « w;. To see this note that =; = go;xlxgwt,where
1 1
-1 VED YNV =1
x= (ij‘) (a;m +-0) > . (A-11)

The value function is therefore given by

{—
17/ (q) _ 7Tt (q) Px

p+T+0+(0—1)(30—1) p+T+0

xgwt

Note also that VP = [V} (Aq) dE; (q) = Vi (AQ;) and VNV =V, (@ Q).

A-1.1.6 Characterization of Equilibrium

The equilibrium is characterized by the following conditions. First, the evolution of
aggregate productivity is given by in (A-4). Second, the rate of creative destruction
is given by T = %, v;, where v; = (1 —«) (z; + x). Third, labor market clearing

requires Ly = Lp; + Lrs, where Lg; = Nt# (zt + %x) . Fourth, the Euler equation is
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given by r = p + g, where g is the growth rate of per capita consumption. Wages
1

and output are given by Y; = N/ Qth and w; = %Yt / Lf . Market clearing requires

Ct = Y;. Hence, the growth rate of per capita consumption is given by

8 =8y —1N=8uw+gr—1, (A-12)

where gy = % SN + go (see (A-5)). Thus, r = p + g + g — 7. Finally, (A-10) and
free entry implies that # = 3% 'uy + my, where

-1.0 1P
my = P and u; = = 1) b/ (A-13)
PO+8&r—N+T+6—gm p+gr—N+T+6—gu+(0—1) (30— 1)

Then we can write the free entry condition as

Y = s
1 7 (r -1 L "

—o—1 .
Ve ptgits—gut (Fr-1)u M PSSO~ gn

Hence, the equilibrium is characterized by a path {Ef , N }t that satisfies the free
entry condition and labor market clearing

1 7 (n-1) o Gt
L ) s (A1)
e ptgeti-got (Fr-1)u eSO g
1—¢P 1/ v -1
- _ s A-1
- . (1_“ ), (A-15)

where g, and g, are the growth rates of u; and m; given in (A-13). For a given initial
condition .4 and the terminal condition that Ef — ZP and m; — m and u; — u one can
solve for the dynamic path {Ef , N } b

A-1.1.7 Balanced Growth Path

Along a BGP, income per capita grows at a constant rate. (A-12) implies that

77—« Vi 1
gczgw"'gLP_”:(qa—l 1—oc_(7—1§+1+gép'

Along the BGP it also has to be the case that ¢’ = L /L;. Hence, gV is constant
along a BGP, i.e. gy = v — 6 = 7. With ¢ and .4 constant, g, = g, = 0 along the
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BGP. Hence, (.4, (") are given by

. =1,¢
1 " (u—1) 05X
=0—1 —r—1 o
VE P+(q—a_1)’7+%x‘5’/% o+ T
1—¢P 1 (174—(5 -1 )
= — > _“x).
N PE

1—a 4
These equations have a unique solution for .#" > 0 and ¢ € (0,1).

A-1.1.8 Population Growth and Firm Dynamics (Section 2.4)

(A-16)

(A-17)

In this section we derive the relationship between population growth # and the

process of firm dynamics. In particular, we derive (i) the survival function S (a) in

(22), (ii) the average number of products by age 71 (a) in (22), and (iii) the Pareto tail

of the product distribution {, in (24).

Firm survival S (a) and the average number of products 7 (a)

Let p, (a) be the
probability that a firm has n products at age a. This evolves according to

pu(a) = (n=1) xpp1(a) + (n+1) (T +0) pus1 (a) = n(x+T+6) pn (a).

Because exit is an absorbing state, pg (a) = (7 + J) p1 (a) . The solution to this set of

differential equations is (see Klette and Kortum (2004))

@ =
pr@) = (1 po(@)(1-7(@)

pn(a) = pn_1(a)y(a)

where

X (1 _ e—(T—i—é—x)u)
v(e) = T4+ —x x e (THo—x)a’

Given that =27 = § + 7, the net rate of accumulation ¢ is given by

J— __:_IX — ) =
p = x—1-0=x —1_“(17+(5) d=x

A-6
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1—a’

(A-18)

(A-19)

(A-20)
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Hence, ¢ is decreasing in 77. From this solution for p, (a) we can calculate both the
survival rate and the cross-sectional age distribution.

Let S (a) denote share of firms that survive until age a. Then

pa
S(@) = 1-po(a)= paa— (A-22)

which is equation (22) in the main text.

To derive 7 (a), let p, (a) denote the share of firms of age a with n production
conditional on survival. Then, p, (a) = 7% ) forp > 1. Using (A-18)-(A-19),

1—po(a)
7, (a) =7 (a)""' (1 —(a)). Then,

1
v (a)

n@ =E[NIA =d] = Lm0 = (1-7(0) L) =

Using (A-20), this implies 71 (a) = 1 — % (1 — e¥?), which is the expression in (22).

The Pareto tail of the product distribution ¢,,. To derive the tail of the product
distribution, let w; (1) be the mass of firms with n products at time t. For n > 2,

wr(n)=wrn—1)(n—1)x+wr(n+1)(n+1)(t+9) —wr(n)n(t+x+9).

Forn =1wehavew; (1) = Zi+w; (2)2(t+96) —w: (1) (T + x + 6) . Along the BGP

the mass of firms grows at rate 7, that is w; (n) = yw; (n) . Denoting x (n) = wg(,t") ,

XD (t+x+d+1n)—z
2(T+9)

x(2) = (A-23)

and

xmn(@+x+0)+xmn—xmn-1)n-1)x

x(n+1)= (1+1) (T 1 9)

forn > 2. (A-24)



Given x (1), these equations fully determine [x (1)],,>, as a function of (x,z, 7). We
can then pin down x (1) from the consistency condition that

(e e]

i x(myn=7Yy_ wg\gn)n = Loy @i (1) =1. (A-25)
n=1 t

N

Hence, equations (A-23), (A-24) and (A-25) fully determine the firm-size distribution

[x (n)]n21'

The distribution described by (A-23), (A-24) and (A-25) has a Pareto tail as long as

n>x—1—0 > 0. Applying Proposition 3 in Luttmer (201 1) the tail index of the

product distribution is given by ¢, = Using that T = % (17 + J) we get that
(1—a)y e

On = Fi-a—o-my = % where the second equality uses that z = ’H(S — x. Also
E)Qn

XT5

> 0, that is a decline in population growth reduces the Pareto tail towards unity

and increases concentration.?!

The Pareto tail of the efficiency distribution ¢,. In this section we derive the
marginal distribution of efficiency 4. In particular we derive (25), which we use
to calibrate @. Define §; as the relative productivity of a product §; = In (g;/ Q)" . !
The drift of §; (conditional on survival) is given by

a (AT —

11—«

Mt (11— (c—1)dInQs = — ( Y +w‘71—1> (7 +90), (A-26)

where the second equality uses (13).

Let F; (4) denote the share of products at time t with 4; < 4. This cdf evolves accord-
ing to the differential equation

aF;ﬁﬁ):_aigéﬁ)%qt T (F(G—A)—F (4)) — (6+7) (Pt(q)—r<exp(aﬁ1))),

g Creative destruction -
Drift of 4 Product loss vs new product creation

21 90 _ x(1-a)=0 i i -
Note that = (1—ua) C(a)—s—an)? > 0. Using that T = (7 +9), it follows that x — T
)=

]T
= (x(1—a) —ay — ). Hence, x — T — 6 > 0 implies that x (1 —a) — & > an > 0.
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where A = In A\7~1. In the steady state, aFé—@ = 0 so that

dF (4) 94r _ s Ay 1 A ]
T T(R(G=A) = F(§) = @+n) (F@ T (exp ,
(A-27)
Guess that F is exponential in the tail with index 0q, that is lim qu@(1 —F(4)) =a
j—ro0

for some a and g,. If we assume that I' has a thin tail*

that

then as § — oo, (A-27) implies
lim (ae~ %9 9t _ lim [(5 +174+71)— Tqu/A\i| ae= 1 — (5 +1).
j—r00 7ot j—r00

Hence, the tail coefficient ¢, solves the equation —Qq% = —(0+n+1)+ e,
Substituting (A-26) and noting that T = % (7 + 0) yields

04 (zx)\”—l t(1-a)w’ - 1) = —1+aru(@ D),

This is equation (25) in the main text.

A-1.2 Model Extensions (Section 2.7)

A-1.2.1 Endogenizing the Direction of Innovation «.
Suppose that the firm can independently chose the flow of new varieties x5 and
creative destruction xcp. The value function is then given by

: aV,
V) = Vs () = (1) + 125 = (54 0) i g) + 5
where
Hy = max< x VN—ixgw + max < x VCD—Lxg w (A-28)
=t XN Nt PN NT Xcp D7t PcpD S

@cp and @y parametrize the efficiency of creative destruction and new variety cre-
ation and V}N and VN denote the value of creative destruction and new variety cre-

22Formally, assume that for any x, we have lim e1(1 — T (exp (%) ) ) =0.

G—roo

A-9



ation respectively. Along the BGP, the solution of V; (g) is given by

(p—1) ( q >0_1 LY i
Vi(g) = ay L, &
WD) = eyt ge - De-Drtie\a) N Tt oga

The optimal innovation rates associated with (A-28) are given by

1 1
NV o7 cD\ 71
XNy = (@ Vi ) and xcp = (@Vf_> , (A-29)

C Wt C wt

Note that this implies that the endogenous share of product creation directed to

¢cp VP
. . A
vation depends on the relative valuations. This also implies that

1
creative destruction is given by %5 = ( ) , i.e. the relative “bias” of inno-

- c-1¢ ,6-1¢
= ( oNV xNV + EXCD wt, (A-30)

where xyy and xcp are constant (see below). Hence, the value of product creation
grows at rate wy, i.e. gz, = gw = r — p. Similarly, along the BGP we have gy = 177, so
that

(n=1) € ) Ly
v, = 0O, N T p¥T+6
i (q) p+(gQ_I)(0'_1)—|—T—|—(5 Qs Ntwt+P+T+5

As before, VN and VP are given by V; (AQ;) and V (wQy).

We assume the following process of entry. As in the baseline model, the economy
has access to a linear entry technology whereby each worker generates a flow of
¢t new firms. These firms then have access to the same innovation technology as
incumbents to eventually start producing either a creatively destroyed product or a
new variety. In the event that no product is discovered, the potential firm exits.

Because new firms have - after paying the entry costs éwt - the same opportunity
as incumbents, their direction of innovation (i.e. new varieties versus creative de-
struction) is exactly the same as the one of incumbent firms. Hence, if z new firms
are created (per product N;), the total amount of creative destruction and variety
creation by entrants is given by zxcp and zxyy respectively. It also implies that the

free entry condition is given by #wt = 5.

A-10



BGP equilibrium The BGP equilibrium in this economy is fully characterized by
innovation choices xnv and xcp, the entry flow z, value functions VNV /w; and
VED /w,, the rate of creative destruction T and the mass of production labor per
product LF'/N;. As before, gy = 7 sothatv = xyy (1+z) = y+dand T =
xcp (1 + z). The first order condition for xny and xcp are given in (A-29). Equation
(A-30) implies that the free entry condition is given by# = gml/ x%,v + %x%D
The value function is given by

B i(f—l
v -0 (F) .11
wy At (w1 —1)np+w 16Ny p+T+¢E

(A-31)

We can simplify this system further and express the BGP equilibrium in terms of
XNV and 7. Note first that T = xC—D 2 (n+6). From (A-29) we get that xg é L

1y x and x &1 _ -t VCDx Free entry therefore requires that
T w CD g Z CD- y 1
1 g -1 <VtCD VNV >
— = Xcp | -
¢E g wt wi

P
N; substituting in (A-29), and

Xcp
using T = 3£ (17 + 6), we can express the entire equlhbrlum in terms of xyy and 7.

In particular, one can show that

1/¢ C -1/
_ PN T ) N
xN_((C—l)svﬁ) <1+('7+5> qoco) |

Finally, T is determined from

() shagrion o () B G 8

w 77+(5p+(5+1’ (C_ )%

VCD
Using the expressions for -—— an

and hence depends directly on 7.

Assume first that creative destruction and new variety creation leads to the same
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Figure A-1: The Effects of Population Growth (Endogenous «)
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Note: This figure plots model outcomes in a calibrated version of the extended model with endoge-
nous innovation direction as a function of the rate of population growth.

quality improvement, i.e. A = @. This implies that

~—~

1
__ Xcp ¢cp) !

XeDEINY (pep) T + ()T

7

thatis a is indeed constant. Along the BGP, we stillhave xny (1 4+2z) = (1 —a)x (1 +2z2) =

7 + 6. Similarly, creative destruction is given by T = ax (14 z). Hence, as in the

baseline model, T = % (17 + ), i.e. lower population growth reduces creative de-

-1
struction. Using the free entry condition yields x¢ = 1+ 1 () +3 ot ) .Asin

(—1og PNV
the baseline model, x is constant and fully determined from parameters governing
the relative innovation technologies. And with x constant, we have zx = ﬂ —Xx,ie.

the total entry flow per product, zx, is a decreasing function of populatlon growth:
in equilibrium entrants bear the brunt of declining population growth.

If A # w, T is determined from (A-32). One can show that there is at least one so-

lution T and that a fall in 77 lowers 7 if there is a unique solution. In Figure A-1 we

show creative destruction 7, the relative importance of entry z = M = 2CD and
NV XcD

the share of creative destruction a as a function of population growth. The com-

parative static results shown in Figure A-1 accord well with our baseline model.

Creative destruction is an increasing function of population growth, falling popu-

lation reduces z, the flow of entrant product innovation relative to incumbents and
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the creative destruction share « is increasing in 7. The result that « is increasing
in 7 is driven by our estimates that @ < A. This implies that VP puts a higher
weight on the production as opposed to the innovation value. And because a fall
in population growth reduces the innovation value, it raises the value of new vari-
ety creation relative to the value of creative destruction, leading to a decline in the
creative destruction share w.

A-1.2.2 Endogenous own-innovation |

Suppose now that firms can chose the rate of own-innovation I. Assume that the

cost function (in terms of labor) of achieving a drift I is given by ¢ ([;4/Q) =

-1
(&) %I ¢. Hence, the cost of innovation are convex in I and depend on firms’
relative efficiency q/Q; to make the model consistent with balanced growth and
Gibrat’s law for large firms.

Most results of the baseline model generalize in a straightforward way. In particular,
Proposition 1 is exactly the same in this more general framework, except I in the
expression for the growth rate is no longer a parameter but a choice variable. The
value function is still additive across products and the value of a given product with
efficiency g is given by
~1
m (0 T
Vi(q) = = + 5
protT+ (80— F)(0-1) PHTH

(A-33)
7

Hence, the only difference to the baseline model is the term % in front of I in the
discount rate. Using (A-33), the optimal innovation rate is given by

L e-ne-nmN e
p+(5+r+(gQ—5—g11) (c—1) ¢

Substituting the free entry condition into the expression for I yields equation (28) in
the main text.

A-1.2.3 Diminishing returns to research in entry and product creation

Suppose that there are diminishing returns to research labor as the general state
of technology improves, as suggested by the evidence in Bloom et al. (2020). In
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particular, suppose that the entry and innovation costs in units of labor are #Qf
and ¢ (x,n) = %xéan with ¢ > 0. The solution for the value function is then
given by

c—1 ;p
(n—1) (&) oy (Z —1)xQ5w;
(p+T+d+(c—1)(go—1)—gr) (p+T+5-¢ga)

Vi(q) =
Free entry then requires that

! (n—1) Q" ((—1)x
d : A-34
PE (p+T+5+(<f—1)(gQ—1)—gzP)+(p+T+5—ggQ) (A3

For this to hold on a BGP, it must be that %Q; ® is constant and that L] grows
at the rate of population growth so that ¢* is constant Hence 17 = gN +680 =
vt — 0 + ¢go. Note that it is still the case that g =1+ )‘ 1 Iy 4+ @ 1 144 and that
v = (1 —a) (x¢ +z¢) = 127 Hence, the rate of creative destructlon is given by

a(n+6—cgl)
1—¢x—|—g< i 1_1)

As in the baseline model, T is an increasing function of the rate of population growth
1.
The main difference between the baseline model and this modification is that the

tirm size distribution is not stationary along the BGP. For example, total employ-

ment of a product with average quality Q; is given by I; (Q;) = (%) LNI: = Lﬁ’{;

Along a BGP, f%; = 11 — N = Ggo- Hence, if innovation costs rise with aggregate
productivity (i.e. ¢ > 0), average firm size increases along the BGP at a constant rate.
Intuitively, higher profits per product are needed to offset the constantly increasing

entry cost.

A-1.3 Characterization of the Model with Bertrand Competition
In this section we derive the results for the model with Bertrand competition de-

scribed in Section 3. The only difference relative to the baseline case is that the static
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profit function is given by (A-3), i.e.

A (1o 2 ﬂ)‘”;ﬁ _
7 (4 A1) (1 u(Ai))” (&) (Qt (MeA)T TN (A3

The value function is still additive across products, i.e. V; ([q;, Ai]) = Y11 Vi (9i, D).

The HJB equation for V; (g;, A;) is given by

aVi(q,4)  9Vi(q,4)
ag 1T oA

(n+n+5>vt<q,A>—Vt<q,A>=m<q,A>+1{ A}+Et,

(A-36)
where Z; = maxx{x<(thCD +(1—a) VtNV> - (Plxxgwt} with VEP = [V, (Agq,A)dF; (q)
and VNV = [V, (wQy, z%5) dT (w). Note that for notational simplicity we denote the

quality gap for the creation of a new variety by -%5 to indicate that new varieties

o—1
are able to charge the monopolistic markup.
1

Note first that free entry and the definition of Z; still implies that x = (%%) “t

and E; = %xgwf. To solve for V;(gq,A), conjecture that V; (g, A) takes the form

X

Vi (g,A) =k (A) ¢°~'U; + M;. This implies that

Vi (4,4)
oq

Vi (4,4)

g=(c—1)k(A)g" *U; and A

A=K (A) A7 MU

Equation (A-36) thus implies that k (A), U; and M; solve the equations

-1

(ri + 1) My — M; = o xbwy (A-37)
and
k(A) g ((n+T—T(o—1+e& (M) U~ U) = m(q,D)
h(A) (gi)ﬂ Wlff/\i\)]i’_l

where I (A) = (1 — ﬁ) 1 (A)lfa and ¢ (A) = k;{((AA))A.

Along the BGP, M;A; is constant, w; o« Y;/N; and U; grows at the same rates as
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%Q}_‘T. This implies that g = % = gw — (0 — 1) go- Hence,

h@) (&) ke

r+64+T—gu+ (0—1) (g0 —1I) — ek (A)

k(AU =

The solution to the value function is therefore

1\""'" 1 vy h(A)
U = | = ————— and k(A S
t <Qf> (MA) Ny = rHO+T—gu+ (0 —1) (80— 1) — IFGF
Along the BGP, r + 6 +T7—guw + (0 —1) (g0 —I) = p_|_5_|_(71(:;_1> (114 6).

Hence, k (A) solves the differential equation

min { %5, A} —1
AV

K(A)C—IK (A)A = h(A) =

min { £,

=r—1
where C = p+ 6 + (L{_

o

—1>(17+(5).F rA > % wehavek(A)C — IK (A)A =

o 1, we have

1 (oc-1)7 / %(71)
m<7) .Hence, k' (A) = 0and k (A) = &=—;. For A <

A—-1

k@A) C—IK (M)A = =

We can solve this differential equation together with the terminal conditionk (-%;) =
A1)

Equation (A-37) implies M; grows at g, along the BGP. Hence, M; = 5 +i =5 g’(;xl xS,
Together with w;Lp = AY}, the value function along the BGP is given by

o—1 P
B q 1 ¢ 1 (-1,
Vi(q,A) = {k(A) <Qt) MoAr o Te o } (A-38)

Using (A-38) we can derive the free entry condition. The value of creative de-
struction is given by VP = V; (AQ;, A). The value of variety creation is VN =
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Vi (WQt, %7 ). The free entry condition, is thus given by

LW sk WA Ak ()@ 1 g1,

PE wy MI-TAC 7+p+r+5 Px

Because M7~ A7 can be calculated along a BGP, the free entry condition determines

% as in the model with constant markups.

To see that Proposition 1 still applies in the model with Bertrand competition, note
first that creative destruction and variety creation are still givenby 7 = « (z + x) and

v = (1—w) (z+ x). Moreover, the optimality condition for incumbent expansion x

1

is still given by (A-11) and the free entry condition still holds. Hence, x = (% %) o
These three equations together with BGP condition gy = # = v — J are sufficient to
derive Proposition 1.

A-1.3.1 The Joint Distribution of Gaps and Productivity

In the model with Bertrand competition, the joint distribution of relative quality
gt = In(q:/ Qt)‘j_1 and quality gaps A, F; (A, §t), emerges as a key endogenous ob-
ject. To solve for F; (A, §¢), it is useful to separate the problem by focusing individ-
ually on products with competitors (i.e. where creative destructions has happened
at some point in the past) and products without competitors (i.e. products which
are still owned by the firms that introduced the variety originally). We denote these
distributions by FE(A, §) and FNC(4).% They are characterized from the two differ-

. . OFC(A4) OFNC(4) . . . . . .
ential equations —5-* and —'5; given in the main text. In this section we derive

these expressions. We denote the mass of products with and without competitors
respectively by Nf and NNC. Also recall that 4; has a drift of g; = (¢ — 1) (I — gq).
Let FC(A,4§) = NEFFE(A, §) denote the mass of products with a gap less than A and
relative productivity less than 4§, for products with a direct competitor. Similarly, let
ENC(4§) = NNCENC(4) denote the mass of the products who have no direct competi-
tor at time ¢ with relative productivity less than 4. The evolution of FNC(§) satisfies

RNC@) = B (g -gp) (1= (o 0y + (0 ) mvr (2242,

ZNote that we do not need to keep track of the quality gap among products without competitors
because markups are always given by -Z5.
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where we have used the fact that the new product creation rate is %T = ;. As

becomes small this leads to the differential equation

OFNC(9) _  9FN°(9) SNC | 4 1—w exp ()

T_—gqa—q—(Tt+5)Pt (q)—|—( " )rtNtl“(U_1>, (A-39)
so that

OFNC(9) _  9FN°(g) NC/ 4 1—a Nt . (exp(§)

Pl g o R+ (4 )TtNtNCF< @),

This is the equation reported in Section 3.

For the mass of products with a competitor, F© (A, §), we not only need to keep track
of the relative quality 4 but also of the quality gap A. This mass evolves according
to the differential equation

where again we defined A = In A\7~1. Defining F (A, §) = NCFE(A, §), we get

aFC( A4 IFF (A4
IFC(D,§) f() t(’ Cin
— = —AI A — 83 PR —(w+do+n)F(4,49)
. C 3 NtNC NC 3
+51LngoTtFt (s,§—A)+1 NC F (3 —A).

Note that both differential equations depend on NN¢/N€ and N;/NNC¢. NN¢ and
NE evolve according to

. 1-— .
NNC = Nyt ( - "‘) ~NNC(5+1) and Nf = —6NE + NNCr,
. . NNC(13%)
The steady state share of NC products is therefore given by —— = Ew=g

In the left panel of Figure A-2 we display the distribution F (A, §) in a BGP. Multi-
ple forces shape this distribution. On the one hand, firms increase their efficiency

=1—a.

g over their life-cycle. This tends to generate a positive correlation between rela-
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tive efficiency and efficiency gaps. On the other hand, successful creative destruc-
tion events also increase relative efficiency but reduce efficiency gaps and hence
markups. Moreover, new products have - in our calibration - low efficiency (be-
cause w < 1) and high efficiency gaps.

In the right panel we look at the efficiency distributions of the different type of prod-
ucts more directly. We depict the overall cross-sectional distribution of competitive
products in red and compare it to the efficiency of products conditional on having
a quality gap of A (blue) and to the products that just entered and are still without
a competitor (orange). The overall distribution dominates the distribution of new
products in a first-order stochastic dominance sense because new products have on
average lower qualities. The efficiency distribution, conditional on having a quality
gap of A, is also lower because some of these products are non-competitive products
that just experienced their first creative destruction event.

Figure A-2: The Distributions of Efficiency g and Gaps A

(a) Joint Distribution of Efficiency and
Gaps (b) Conditional Productivity Distributions
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Notes: The left panel shows the joint density of § (relative efficiency) and A (the gap between the leading product and the next
best product) in the calibrated BGP. The right panel shows the productivity distributions in the calibrated model for three
types of products: non-competitive products (orange), products which have just seen a creative destruction event and have a
gap of A = A (red) and all competitive products (blue)

We can also derive the distribution of efficiency gaps given in (29). Let F- (A) denote
the cdf of quality gaps among products with a competitor. The distribution FC- (A)
the solves the differential equation

OFf (A)
ot

C C NC
=—IAN—1— — +(1- T+ —=1.
1 9N, 1391 () SFC(A) + (1 —ES(A Ij\fjc

C Ay — 2
T A) NC ot oA (
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Table A-1: Summary of Data

Aggregate Statistics

Year Number of Firms Employees Average Employment
1980 3,606,457 73,753,303 20.04
1995 4,613,849 99,243,906 21.20
2010 4,953,425 111,189,088 22.15

Size Distribution

Firms with <20 Employees Firms with >10,000 Employees

Year Firm Share Employment Share Firm Share Employment share
1980 89.38 21.58 0.0002 25.71
1995 88.95 20.74 0.0002 23.84
2010 88.88 18.8 0.0002 27.02

Age Distribution

Firms with <5 years Firms with >5 years

Year Firm Share Employment Share Firm Share Employment share
1980 13.84 % 38.50 % 86.16% 61.50 %
1995 13.12 % 35.34 % 86.88 % 64.66 %
2010 9.43% 30.02% 91.57 % 69.98 %

Notes: This table gives basic summary information about the firms in the LBD through time.

Along a BGD, this distribution is stationary, the number of competitive products
grows at rate 7 and NNC/NF = 1% Hence,

9EC (A)
A==

= — 6+ FS(A)+ (1 —FS(A)T+ T=—(0+7+7)F(A) + %r.

Together with the initial condition FC (1) = 0 and the fact that 127 = 5 4 4, it is

Sttt
I

easy to verify that the solution to this differential equationis F¢(A) = 1 — (%)

A-2 Quantitative Analysis

A-2.1 Data Description

Our main data is the LBD, which contains information for employment and age
for the population of firms in the US. In Table A-1 we report a set of descriptive
statistics from this data. The firm size distribution in the US has been changing.

Between 1980 and 2010 average firm size increased from 20 employees to about 22
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employees. This increase in firm size is mostly due to a change in the concentration
of economic activity. As seen in Panel B, the employment share of firms with more
than 10,000 employees increased and the employment share of firms with less than
20 employees declined. Finally, an important mechanisms underlying these changes
in the size distribution are shifts in the age distribution. As seen in the lowest panel,
young firms account for much lower share of aggregate employment then they used
to in 1980.

A-2.2 Computing the sales and markups lifecycle

In this section we derive the details of our characterization of the firms’ lifecycle of
markup and sales that we use to calibrate the model (see Section 4.2). In particular,
we show that relative sales by age of the product is given by

s (ap) = E [P g,] = p (ay) 7 el (1-)ange 2 (A-40)

Moreover we derive the distribution of product age ap as a function of firm age 4
and the number of products N. Given this distribution we can then easily evaluate
s¢ (as) and pug (as) computationally.

Consider a BGP where M; and A; are constant. Equation (A-3) then implies that
sales of product i relative to average sales are

; oc—1 1 oc—1
o <2 (&) o) (i)

Because A and hence markups are a deterministic function of the age of the product,
#i = u (ap) = min {/\eI”P, %} . Similarly, Q; is given by Q; = e$Q% Qt—a,-

Now consider the distribution of g; conditional on ap. This distribution is given by

P (q: < qlap) = P (q; < qlap,CD)a + P (q; < qlap,NV) (1 — a),

where P (q; < qlap,CD) and P (q; < qlap, NV') denotes the conditional probability,
conditional on the firm having acquired product i through creative destruction or
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new variety creation respectively. Then

p (ql < ‘7|‘1Pz CD) = Ft—ap ( qe_IaP)

where F;_;, (q) denotes the productivity distribution at time ¢ — ap. Similarly,

P(g; <glap, NV) =T (qel‘”’ L )
Qt ap
Hence,

71Hp
E [qgfl‘ ﬂp:| _ tx/q”*ldFt_aP (%eflap> +(1-a) /qafldl-' (‘St a ) _ e(Ufl)IapQ?:aquafll
—up

o—1
so that sp (ap) = u (ﬂp)l_a 6(0_1)(1_5"3)”1’7‘7’1 (/\/&AJ (see (A-40)).

Life-Cycle Dynamics Relative sales and markups at the product level as a func-
tion of the state variables A and q are given by

. 4 (11 g\
wa) =min{ T ab and S —spag = (spie )

Relative sales and average markups of firm f as functions of the random vector
N
[A;,qi],, are then given by

N N
N (A d Ly
Yt/Nt_i_lep( llql) an ,uf fz‘u( l)'

Expected relative sales as a function of firm age ay are given by

Ny
le] =E [2151) (Elp)

af] P

where sp (ap) is given in (A-40). The last equality exploits the fact that conditional

Ny
le] = E [ZlE [Sp (A,',qi)|af,up,Nf]

Sft
E
{Yt/Nt

on product age ap, product level sales are independent of firm age 47 and the num-
ber of products Ny. Let f,,1 4 PN (ap|a, n) denote the conditional distribution of prod-
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uct age ap conditional on firm age 4y and the number of products n and recall that
P (af) =7 (af)n_1 (1= (af)) is the probability a firm of age a; having 1 prod-
ucts (conditional on survival), where 7y (a) is given in (A-20). Then

”f} = (1—7(af)) i n (/ﬂp sp (ap) fapla, N (aplag, n) dap) v (ap)" ™

n=1

i
Y/ Nt
Using the same logic, the average markup as a function of firm age a; is given by

[ee]

Euglas) = (1= (a)) L (/ﬂpﬂ(ﬂp)fapmﬂw (aplag,n) dﬂP) 7(ap)"

n=1

Given the density f,,4 PN (ap|ag,n), these expressions can be directly evaluated. In
Section SM-4 in the Supplementary Material we show how to compute this density.

A-2.3 Exit Rates by Size

In Figure A-3, we depict the exit rate for different size categories. Empirically, these
exit rates are declining. Our model implies that this exit rate is initially declining
but essentially independent of size for firms with more than 10 employees. The
reason our model has this counterfactual prediction is that (in our calibration) the
thick tail of the employment distribution is driven by the distribution of product
quality g and not the extensive margin of product creation. Hence, large firms are
tirms with a few superstar products, not those with many products. And because
creative destruction is independent of product quality, such firms are as likely to

exit as other firms.

To address this counterfactual prediction, in Section SM-3 in the Supplementary Ma-
terial, we extend our model to allow for type heterogeneity, whereby some young
tirms (sometimes described as “rockets” or “gazelles”, see Sterk et al. (2021)) grow
systematically at a faster rate. This extension improves the model’s fit along this di-
mension substantially, because some large firms have many products and are thus

unlikely to exit, but changes little else in the theoretical analysis.

A-2.4 Decomposing the Impact of Falling Population Growth
Our analysis in Section 5 showed that the experienced and projected decline in pop-

ulation growth increased firm size and markups. In principle, these patterns can be
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Figure A-3: Firm Exit Rates: Model and Data
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Notes: This figure presents a comparison of the exit rates by firm size in the model (blue) and the data (orange)

Table A-2: Population Growth and Economic Growth

Growth Production labor | Variety intensity
gy LN @ T P =LP/L; N = N;/L;
Baseline 0.02 0.007  0.013 0.196. 0.86 1
New BGP | 0.016 0.001 0.015 0.170 0.88 1.21

due to changes in the age distribution and changes in firms’ size or markups condi-
tional on age. In Figure A-4 we show that the lion share of these changes is due to
changes in the age distribution. Consider first the top row, where we show the exit
rate by age (left panel) and the sales life-cycle (right panel) both in the original BGP
(blue) and the new BGP when population growth is 0.24% (red line). While both
the age conditional exit rate and the life-cycle do change, the changes are qualita-
tively small. In the bottom row we report the life-cycle of markups (left panel) and
the age distribution (right panel) again for both BGPs. The life-cycle of markups is
essentially unchanged. By contrast, the age distribution shifts substantially. And
because older firms are larger, charge higher markups and exit at a lower rate, such
shifts in the age distribution explain most of the observed change in concentration
in our model. This result is consistent with the findings of Hopenhayn et al. (2018)
and Karahan et al. (2019), who document empirically that the age-conditional allo-
cations have been relatively constant since the 1980s.
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Figure A-4: Decomposing the Impact of Falling Population Growth

(a) Exit Rates (b) Lifecycle of Sales
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Notes: The top left panel shows the model prediction for firm exit rates by age when population growth is 2% (blue) and 0.24%
(red). The top right panel shows the same for sales growth. The bottom left panel shows the average firm-level markup by age
when population growth is 2% (blue) and 0.24% (red). The bottom right panel shows the age distribution when population
growth is 2% (blue) and 0.24% (red).

In Table A-2 we decompose the growth effects into components from variety growth,

efficiency growth and creative destruction.
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